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Abstract

This dissertation prop oses the cartesian pro duct op eration for graphs as a unifying frame-

w ork for the study of in terconnection net w orks. In this researc h, w e concen trate on

homogeneous pro duct net w orks and generate a large set of imp ortan t general results

whic h yield the c haracteristics of the pro duct net w ork from those of its factor net w ork.

F rom these c haracteristics, a net w ork can b e ev aluated and di�eren t net w orks can b e

meaningfully compared.

The results of this study are group ed in four main areas. First, w e obtain structural

prop erties of homogeneous pro duct net w orks. W e ha v e compiled results on the diame-

ter, v ertex degree, connectivit y , and partitionabilit y of these net w orks. Then, w e ha v e

addressed the study of other prop erties and deriv ed results on the bisection width and

crossing n um b er. T o generate these results w e in tro duce a new structural prop ert y of a

graph, the maximal congestion, whic h seems to b e in teresting for future researc h.

Second, w e ha v e obtained simple but p o w erful results on em b eddings b et w een homo-

geneous pro duct net w orks. These results allo w to transfer the computational p o w er of

one net w ork to the other b y em ulation.

Third, w e ha v e dev elop ed algorithms that can b e implem en ted in an y homogeneous

pro duct net w ork without v ariation. These algorithms co v er sev eral imp ortan t problems:

sorting, summation, matrix m ultiplication, and minim um -w eigh t spanning-tree �nding.

Some of them can b e readily mo di�ed to solv e man y other problems.

Finally , w e ha v e studied the VLSI la y out complexit y of homogeneous pro duct net-

w orks, obtaining lo w er b ounds on the area and wire length they require and presen ting

metho ds to pro duce optimal-area la y outs.

W e ha v e applied these results to sev eral instances of homogeneous pro duct net w orks,

sho wing ho w simply the results can b e used to ev aluate a net w ork. Then, w e ha v e

concen trated in the study of three of them: the pro duct of complete binary trees, sh u�e-

exc hange graphs, and de Bruijn graphs. These three homogeneous pro duct net w orks

ha v e b een sho wn to b e v ery p o w erful and in teresting candidates for b eing used as in ter-

connection net w orks.
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In the rest of the pro of w e �rst sho w ho w to em b ed a ( r ( h � 3) + 1)-lev el tree in the

�rst graph whose lea v es are the lea v es of P T

r

(2

h � 2

� 1). Then, w e sho w ho w to em b ed a

(3 r � b

r

2

c )-lev el tree in eac h cop y of P T

r

(7) so that the ro ot of the tree is the ro ot of the

cop y . The com bination of b oth em b eddings to P T

r

( N ) yields the desired em b edding.

W e �rst recall from Theorem 7.4 that P T

r

( N ) has a subgraph isomorphic to the

( r ( h � 1) + 1)-lev el tree. By construction, the lea v es of this tree are also lea v es of P T

r

( N ).

The direct application of this theorem to P T

r

(2

h � 2

� 1) allo ws to obtain a subgraph of

this graph isomorphic to the ( r ( h � 3) + 1)-lev el tree and whose lea v es are the lea v es of

P T

r

(2

h � 2

� 1).

Corollary A.1 sho ws ho w to em b ed T (2

3 r �b

r

2

c

� 1) with congestion 3 and dilation 3 in to

eac h cop y of P T

r

(7) so that the ro ot of the tree is the ro ot of the cop y . Com bining this

result with the previous one w e ha v e obtained an em b edding of the (3 r � b

r

2

c + r ( h � 3)) =

( r h � b

r

2

c )-lev el complete binary tree in P T

r

( N ) with dilation 3 and congestion 3.
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has lab el x = x

k

:::x

1

, where x

i

= 1 for i = 1 ; :::; k , and the edges inciden t to the ro ot are

edges of P T

k

(7).

No w consider only the ro ots of the em b edded trees and reconnect them along dimen-

sions k + 1 and k + 2. The graph so obtained con tains the no des of P T

k +2

(7) of the form

x = x

k +2

x

k +1

x

k

:::x

1

, where x

i

= 1 for i = 1 ; :::; k , and is isomorphic to P T

2

(7).

Eac h no de in the ab o v e graph is the ro ot of an em b edded complete binary tree. Then,

considering again the whole graph, w e ha v e obtained an em b edding of T T (2

3 k �

k � 1

2

�

1 ; 2 ; 7) in to P T

k +2

(7), where the P T

2

(7) subgraph and the �rst t w o lev els of the trees are

em b edded with dilation 1 and congestion 1. Since the em b edding de�ned in Lemma A.1

only c hanges this part of the T T graph, it can b e applied here to obtain an em b edding

of the (3 k �

k � 1

2

+ 5) = (3( k + 2) �

( k +2) � 1

2

)-lev el complete binary tree in P T

k +2

(7) with

dilation 3 and congestion 3.

F rom Lemma A.1, the ro ot of the em b edded tree is the ro ot of the P T

2

(7) subgraph,

that is of the form x = x

k +2

x

k +1

x

k

:::x

1

, where x

i

= 1 for i = 1 ; :::; k + 2, and the edges

inciden t to this ro ot ha v e dilation 1 and congestion 1.

Corollary A.1 The (3 r � b

r

2

c ) -level c omplete binary tr e e, T (2

3 r �b

r

2

c

� 1) , c an b e emb e dde d

into P T

r

(7) with dilation 3 and c ongestion 3. In this emb e dding the r o ot of the emb e dde d

tr e e is the r o ot of P T

r

(7) .

Pro of: If r is o dd the ab o v e lemma can b e trivially applied and the claim follo ws. The

case of ev en r requires a little more elab oration.

Note that b y remo ving all the dimension- r edges w e obtain 7 disjoin t copies of

P T

r � 1

(7). Since r is ev en r � 1 is o dd and the ab o v e lemm a can b e applied to eac h

cop y . Then T (2

3( r � 1) �

r � 2

2

) can b e em b edded in eac h cop y with its ro ot in the no de

x = x

r � 1

:::x

1

, with x

i

= 1 for i = 1 ; :::; r � 1.

W e can no w connect the ro ots of the em b edded trees with a dimension- r tree. This

tree has 3 lev els and eac h of its lea v es is the ro ot of a (3( r � 1) �

r � 2

2

)-lev el tree, therefore

w e ha v e found an em b edding of T (2

3 r �

r

2

� 1) in to P T

r

(7). Since the dimension- r tree

connects the ro ots of the 7 copies and the ro ot of the complete binary tree em b edded is

the ro ot of this tree, the ro ot of the em b edded tree is the no de x = x

r

:::x

1

, with x

i

= 1

for i = 1 ; :::; r , ro ot of P T

r

(7).

Then, w e can obtain the pro of of Theorem 7.5.

Pro of: Note that if w e remo v e the 2 lo w est lev els from ev ery tree along eac h dimension

in P T

r

( N ), where N = 2

h

� 1, w e obtain a graph isomorphic to P T

r

(2

h � 2

� 1). Similarly ,

if w e remo v e the h � 3 top lev els from ev ery tree along eac h dimension w e obtain a graph

formed b y 2

r ( h � 3)

disjoin t copies of P T

r

(7). Both graphs ha v e exactly 2

r ( h � 3)

common

no des, that are the lea v es of the P T

r

(2

h � 2

� 1) graph and the ro ots of the copies of P T

r

(7)

in the other graph.
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(a) (b)

Figure A.1: Em b edding the ( l + 5)-lev el complete binary tree in to a subgraph of T T (2

l

�

1 ; 2 ; 7).

congestion of 3 is found in the edges connecting large empt y no des with small empt y

no des in Figure A.1.(a).

Since the tree of Figure A.1.(b) has 6 lev els and eac h dark no de represen ts a col-

lapsed l -lev el tree, w e ha v e obtained an em b edding of the ( l + 5)-lev el complete binary

tree in to T T (2

l

� 1 ; 2 ; 7) where the dilation and the congestion are 3. F rom the �gure it

is easily v eri�ed that the ro ot of the em b edded tree coincides with the ro ot of the P T

2

(7)

subgraph and that the edges inciden t to the ro ot of the tree are edges of T T (2

l

� 1 ; 2 ; 7).

The prop erties of the em b edding highligh ted in the statemen t of the lemma are needed

in order to iterativ ely apply the em b edding (in the next lemm a) without increasing the

congestion of the global em b edding.

Lemma A.2 The (3 r �

r � 1

2

) -level c omplete binary tr e e, T (2

3 r �

r � 1

2

� 1) , c an b e emb e dde d

into P T

r

(7) , wher e r is o dd, with dilation 3 and c ongestion 3. In this emb e dding the

r o ot of the emb e dde d tr e e is the r o ot of P T

r

(7) and the e dges incident to the r o ot of the

emb e dde d tr e e have dilation 1 and c ongestion 1.

Pro of: W e pro v e the claim b y induction on the n um b er of dimensions, r . The initial

condition, r = 1, is trivially v eri�ed, since P T

1

(7) is isomorphic to T (7). In the induction

step w e ha v e to sho w that, giv en an em b edding of T (2

3 k �

k � 1

2

� 1) in to P T

k

(7) as sp eci�ed,

it is p ossible to em b ed T (2

3( k +2) �

( k +2) � 1

2

� 1) in to P T

k +2

(7) as describ ed.

Note that b y remo ving all the edges in dimensions k + 1 and k + 2 from P T

k +2

(7)

w e obtain 49 disjoin t copies of P T

k

(7). F rom the induction h yp othesis, w e can em b ed a

disjoin t cop y of T (2

3 k �

k � 1

2

� 1) in to eac h of these copies. The ro ot of the tree em b edded
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Pro of of Theorem 7.5

In order to simplify the pro ofs w e will �rst distinguish sp ecial sets of no des in the P T

r

( N )

net w orks as follo ws.

De�nition A.1 A no de x = x

r

:::x

1

is a le af of P T

r

( N ) if and only if x

i

is a le af of

T ( N ) , for i = 1 ; :::; r .

De�nition A.2 The no de x = x

r

:::x

1

is the r o ot of P T

r

( N ) if and only if x

i

= 1 ( i.e.

x

i

is the r o ot of T ( N ) ), for i = 1 ; :::; r .

W e no w de�ne a new class of graphs that is going to b e useful in this section. W e do

not giv e a sp ecial name to the graphs of this class but w e instead use a short notation

to iden tify an y mem b er of the class.

De�nition A.3 T T ( M ; r ; N ) is the gr aph obtaine d by c onne cting the r o ots of N

r

disjoint

c opies of T ( M ) by the P T

r

( N ) p attern, i.e. T T ( M ; r ; N ) is obtaine d by \hanging" a

c omplete binary tr e e T ( M ) , fr om e ach no de of P T

r

( N ) .

W e start b y presen ting some results that will allo w us to reac h the �nal result (com-

piled as Theorem 7.5.) First w e sho w that the complete binary tree with l + 5 lev els,

T (2

l +5

� 1), can b e em b edded in to T T (2

l

� 1 ; 2 ; 7) with constan t dilation and congestion

and that this em b edding has particular prop erties. These prop erties allo w the iterativ e

application of the em b edding without increasing the dilation or the congestion. This

fact is used to obtain the subsequen t results whic h sho w ho w to em b ed the complete

binary tree with 3 r � b

r

2

c lev els, T (2

3 r �b

r

2

c

� 1), in to P T

r

(7) b y iterativ ely using this

�rst em b edding. Finally , b y com bining this results and Theorem 7.4 the general result is

obtained.

Lemma A.1 T (2

l +5

� 1) c an b e emb e dde d into T T (2

l

� 1 ; 2 ; 7) , wher e l � 2 , with dilation

3 and c ongestion 3. In this emb e dding the r o ot of the emb e dde d tr e e c oincides with the

r o ot of the P T

2

(7) sub gr aph of T T (2

l

� 1 ; 2 ; 7) and the e dges incident to the r o ot ar e

emb e dde d with dilation 1 and c ongestion 1.

Pro of: Figure A.1.(a) sho ws a subgraph of T T (2

l

� 1 ; 2 ; 7). In this �gure, dark no des

represen t T (2

l

� 1) trees collapsed in to sup erno des for the purp ose of a suitable abstraction

for the discussion b elo w. Large empt y no des represen t ro ots of other T (2

l

� 1) trees, and

small empt y no des represen t their immedi ate c hildren in their T (2

l

� 1) trees. The

subtrees ro oted at small empt y no des are ignored. Figure A.1.(b) sho ws the tree that

can b e em b edded in to this subgraph. The edges sho wn corresp ond to the edges of the

complete binary tree em b edded.

It can b e easily c hec k ed that an y edge in Figure A.1.(b) corresp onds to a path of

length not more than 3 in Figure A.1.(a). It can b e also easily seen that the maxim um
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Case x

k

6= y

k

: Note that there are p v ertex-disjoin t paths b et w een x

k

x and x

k

y along

the P T

k

k

( N ) subgraph. Similarly , there are p v ertex-disjoin t paths b et w een y

k

x and

y

k

y . These t w o sets of paths follo w the same pattern in their resp ectiv e subgraph

and one path in one set has its corresp onding path in the other. Along dimension

k , a unique path exists b et w een corresp onding v ertices, x

k

z and y

k

z , for an y v ertex

z of P T

k � 1

( N ).

W e obtain the �rst paths b y taking the shortest path b et w een x

k

x and x

k

y and

the corresp onding path b et w een y

k

x and y

k

y . W e can obtain, then, t w o shortest

v ertex-disjoin t paths giv en b y x

k

x ! x

k

y ! y

k

y and x

k

x ! y

k

x ! y

k

y .

No w, tak e the p � 1 paths left b et w een x

k

x and x

k

y . F or eac h path i tak e an

in termediate no de x

k

z

i

. Then, y

k

z

i

is in the corresp onding path b et w een y

k

x and

y

k

y . W e �nd, then, p � 1 v ertex-disjoin t paths as x

k

x ! x

k

z

i

! y

k

z

i

! y

k

y , for i =

1 ; :::; p � 1. Note that, so far, the p + 1 paths obtained follo w the same pattern along

dimension k b ecause they connect the same pair of P T

k

k

( N ) subgraphs. Therefore,

at most 2 h � 1 P T

k

k

( N ) subgraphs ha v e b een visited b y them.

T o �nd the remaining p

k

� 1 paths, w e need to consider t w o p ossibilities. In the �rst

case, the degree of y

k

is at least equal to the degree of x

k

, and the p

k

� 1 paths can

tra v erse neigh b ors of y

k

y along dimension k . The second case arises when �

x

< �

y

and �

x

k

> �

y

k

. In this case, w e need to use the fact that y will ha v e neigh b ors in

its P T

k

k

( N ) subgraph not tra v ersed b y an y of the p initial paths. W e ma y th us

use these neigh b ors to build the required n um b er of new paths. A more formal

argumen t app ears b elo w.

Let p

k

� �

y

k

. Then x

k

x has exactly p

k

� 1 and y

k

y has at least p

k

� 1 neigh b ors

along dimension k not used in the ab o v e paths. Eac h of these neigh b ors is in a

di�eren t P T

k

k

( N ) subgraph and no one of these subgraphs has b een visited in the

ab o v e paths. W e tak e p

k

� 1 of these neigh b ors. Let x

i

k

x denote the i th neigh b or

of x

k

x and y

i

k

y the i th neigh b or of y

k

y , for i = 1 ; :::; p

k

� 1. W e can c ho ose p

k

� 1

v ertices z

i

in P T

k � 1

( N ) not visited b y an y of the paths b et w een x and y and obtain

p

k

� 1 new v ertex-disjoin t paths as x

k

x ! x

i

k

x ! x

i

k

z

i

! y

i

k

z

i

! y

i

k

y ! y

k

y , for

i = 1 ; :::; p

k

� 1.

If, on the other hand, p

k

> �

y

k

, then there are at least p

k

� �

y

k

neigh b ors of y not

used in the p paths b et w een x and y . Similarly , x

k

x has at least p

k

� 1 un used

dimension- k neigh b ors. Let x

i

k

x denote the i th suc h neigh b or of x

k

x and y

k

y

i

the

i th suc h neigh b or of y

k

y , for i = 1 ; :::; p

k

� �

y

k

. Then p

k

� �

y

k

paths can b e obtained

as x

k

x ! x

i

k

x ! x

i

k

y

i

! y

k

y

i

! y

k

y . The remaining �

y

k

� 1 paths can b e obtained

b y using the pro cedure of the case p

k

� �

y

k

.

W e ha v e, th us, found p + p

k

v ertex-disjoin t paths, and the claim follo ws.

This concludes the pro of of the theorem.
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di�eren t dimension-2 tree. Let x

2

x

i

1

b e one of these neigh b ors of x , then y

2

y

i

1

= y

2

x

i

1

is also a neigh b or of y , for i = 1 ; :::; p

1

. Then, p

1

paths b et w een x and y can b e

obtained as x ! x

2

x

i

1

! y

2

x

i

1

! y , for i = 1 ; :::; p

1

.

Finally , note that eac h of x and y has at least p

2

= min f �

x

2

; �

y

2

g � 1 neigh b ors

along dimension 2 not tra v ersed in previous paths, eac h in a non-visited dimension-

1 tree. W e can c ho ose p

2

of these neigh b ors from eac h of x and y . Since at most

p

1

+ 1 � 4 dimension-2 trees ha v e b een visited b y the previous paths, there are at

least N � 4 non-visited dimension-2 trees. W e can, then, c ho ose an y one of these

non-visited dimension-2 trees, v

i

, and obtain a path through the i th neigh b or as

x ! x

i

2

x

1

! x

i

2

v

i

! y

i

2

v

i

! y

i

2

y

1

! y , for i = 1 ; :::; p

2

. This completes the set of m

paths and the claim is sho wn to b e true for this case.

Case x

2

= y

2

: This case in analogous to the previous one.

Case x

2

6= y

2

; x

1

6= y

1

: The t w o existing shortest paths can b e obtained as x ! x

2

y

1

! y

and x ! y

2

x

1

! y . Note that at most 2 h � 1 (where N = 2

h

� 1) dimension-1 and

dimension-2 trees are visited b y these paths and that only one neigh b or of eac h

x and y along eac h dimension has b een tra v ersed. F urthermore, the remaining

neigh b ors along dimension 1 (resp. dimension 2) are in a non-visited dimension-2

(resp. dimension-1) tree. W e can, then, obtain p

12

= min f �

x

1

; �

y

2

g � 1 paths as

x ! x

2

x

i

1

! y

i

2

x

i

1

! y

i

2

y

1

! y , for i = 1 ; :::; p

12

. Similarly , p

21

= min f �

x

2

; �

y

1

g � 1

paths can b e obtained as x ! x

i

2

x

1

! x

i

2

y

i

1

! y

2

y

i

1

! y , for i = 1 ; :::; p

21

.

The remaining l = m � p

12

� p

21

� 2 paths, if l > 0, ma y b e obtained as x !

x

2

x

i

1

! u

i

x

i

1

! u

i

y

i

1

! y

2

y

i

1

! y or x ! x

i

2

x

1

! x

i

2

v

i

! y

i

2

v

i

! y

i

2

y

1

! y , where

u

i

are dimension-1 trees not visited in previous paths and v

i

are dimension-2 trees

not visited in previous paths. A simple case analysis sho ws that suc h trees exist.

This completes the pro of for 2 dimensions. F or the purp ose of induction, w e tak e t w o

v ertices x and y of P T

k � 1

( N ), x 6= y . Assume that they are connected b y p v ertex-disjoin t

paths, where, without loss of generalit y , p = �

x

and p � �

y

. In P T

k

( N ) these v ertices

b ecome x

k

x and y

k

y , resp ectiv ely , where x

k

and y

k

are the lab els for the dimension k .

The minim um v ertex degree of the pair is p + p

k

= min f �

x

k

x

; �

y

k

y

g , where 1 � p

k

� 3,

and x

k

x has at least p

k

neigh b ors along dimension k .

Case x

k

= y

k

: Eac h x

k

x and y

k

y has exactly p

k

neigh b ors along dimension k . These

neigh b ors are not visited b y the initial p paths b ecause they are in a di�eren t

P T

k

k

( N ) subgraph. If x

i

k

x is a neigh b or of x

k

x , for i = 1 ; :::; p

k

, then y

i

k

y = x

i

k

y is

also neigh b or of y

k

y , they are b oth in the same P T

k

k

( N ) subgraph, and no other

neigh b or is in that subgraph. One path can b e found, then, along this subgraph

b et w een x

i

k

x and x

i

k

y , for i = 1 ; :::; p

k

, and therefore p

k

new paths can b e obtained

b et w een x

k

x and y

k

y . Then, the total n um b er of paths obtained is p + p

k

and the

claim follo ws.



App endix

Pro of of Theorem 7.1

Clearly , m is an upp er b ound on the n um b er of v ertex-disjoin t paths. W e need to sho w

that it is also a lo w er b ound, b y sho wing ho w to �nd m suc h paths. F or this pro of

w e de�ne the concepts of \use of a tree" and \visit of a tree." By \use", w e mean the

tra v ersal of at least one edge in the tree. By \visit", w e mean the tra v ersal of at least

one no de in the tree. Clearly , the use of a tree implies a visit of the tree, whereas a visit

of a tree ma y not use the tree ( i.e. if no edges are tra v ersed.)

Brie
y , w e obtain the paths in t w o phases. Initially , w e obtain as man y v ertex-disjoin t

shortest paths b et w een the no des as p ossible. Then, w e obtain the rest of the paths b y

determining routes b et w een neigh b ors of the no des not tra v ersed b y the previous paths,

along trees not previously visited. This guaran tees the v ertex disjoin tness of the paths.

The pro of pro ceeds b y induction on the n um b er of dimensions. W e start b y estab-

lishing the base case for 2 dimensions. W e use a case-b y-case study to construct the

appropriate n um b er of paths and sho w that the claim is true for t w o dimensions.

F or the induction h yp othesis, w e assume p paths for the P T

k � 1

( N ) subgraph obtained

b y taking only k � 1 dimensions, where p is consisten t with the claims of the theorem.

F or the inductiv e step w e add another dimension and w e restrict our atten tion to the

newly added dimension, while treating the rest of the graph as a unit. W e sho w, once

again b y construction, that an appropriate n um b er of paths, as suggested b y the v arious

individual cases, is added as a result of in tro ducing the new dimension.

Along the pro of w e use �

x

to represen t the v ertex degree of a generic v ertex x , while

�

x

i

refers to the degree of the v ertex x along dimension i . In addition, w e use the notation

x

j

i

to denote the j th neigh b or of x along dimension i .

Then, w e start b y considering the case for r = 2. The claim for N = 3 is trivially

true and N > 3 will b e assumed. Let x = x

2

x

1

and y = y

2

y

1

b e t w o v ertices of P T

2

( N ),

x 6= y .

Case x

1

= y

1

: The �rst path is obtained b y just noting that x and y are in the same

dimension-2 tree and that a path can b e found in this tree.

Another set of paths is deriv ed from the fact that eac h of x and y has exactly

p

1

= �

x

1

= �

y

1

neigh b ors along dimension 1 and eac h of these neigh b ors is in a
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la y out these net w orks in suc h a w a y that, in man y cases, the la y out is optimal in

area and almost optimal in wire length.

� W e ha v e exhaustiv ely applied all the ab o v e results to sev eral sp eci�c instances of

pro duct net w orks, as a pro of of the p o w er of the approac h. Then w e ha v e con-

cen trated in three sp eci�c net w orks and w e ha v e b een able to sho w, among other

prop erties, that these pro duct net w orks are more p o w erful than their resp ectiv e

factor graphs, with a small increase in cost. The em ulation capabilities of these

net w orks presen t them as imp ortan t candidates for p opular in terconnection net-

w orks.

As a conclusion, w e ha v e b een able to create a basic framew ork for a general theory

where existing and new homogeneous pro duct net w orks can b e ev aluated. Observ e that

w e ha v e reac hed generalit y without losing e�ciency . The metho ds to obtain VLSI la y outs

for the net w orks, b esides their generalit y , pro duce v ery e�cien t la y out in most of the

cases (la y outs optimal in area and almost optimal in wire length.) Similarly , the sorting

algorithm dev elop ed has optimal complexit y in a b ounded-dimension grid and has the

same complexit y as the most p opular sorting algorithm in the h yp ercub e.

Lik e an y researc h of this generalit y , there is ro om for extensions. More results on other

structural prop erties of homogeneous pro duct net w orks can b e deriv ed. Ev en our b ounds

on the bisection width and the crossing n um b er can b e made tigh ter. F or instance, it is

not kno wn the exact v alue of the bisection width of suc h a simple pro duct net w ork as

the N

r

-no de r -dimensional grid when N is o dd [42].

Man y new general algorithms can b e dev elop ed for homogeneous pro duct net w orks.

Sp eci�cally , b ecause w e ha v e assumed a SIMD mo del of computation, w e ha v e only brie
y

addressed the routing problems in homogeneous pro duct net w orks (sections 1.1 and 5.2.)

Ho w ev er, if a MIMD mo del is assumed, man y new routing problems arise whic h can b e

addressed using the prop osed framew ork. F or instance, it seems to b e v ery in teresting to

obtain a general w ormhole-routing algorithm for homogeneous pro duct net w orks.

Finally , since general pro duct net w orks need not b e built with the same factor graph

in eac h dimension, it is necessary to extend all the in v estigations conducted and the op en

problems presen ted to heterogeneous pro duct net w orks. F or instance, at the end of Sec-

tion 6.4 w e brie
y outlined ho w the results obtained in VLSI complexit y for homogeneous

pro duct net w orks could b e extended to heterogeneous pro duct net w orks.



Chapter 8

Conclusions

The main con tribution of the dissertation describ ed in this prosp ectus is to conduct an

exhaustiv e study of homogeneous pro duct net w orks as in terconnection net w orks. T o our

kno wledge, this is the �rst study of this kind realized. This study is useful giv en the

n um b er of pro duct net w orks already prop osed in the literature. This study can also b e

used to ev aluate prop erties of new in terconnection net w orks for parallel arc hitectures.

The comprehensiv e in v estigation of homogeneous pro duct net w orks has b een dev el-

op ed along sev eral lines:

� W e ha v e obtained general results on the structural prop erties of pro duct net w orks.

W e ha v e presen ted imp ortan t c haracteristics lik e the v ertex degree, the diameter,

the partitionabilit y , and the connectivit y . W e sp ecially emphasize the results on

the bisection width and the crossing n um b er, since they are not easily deriv ed from

same prop erties of the factor graph. T o obtain these prop erties w e ha v e de�ned

a new parameter of a graph, the maximal congestion, whic h w e b eliev e will b e

imp ortan t in future researc h.

� W e ha v e obtained sev eral general em b edding prop erties, applicable to an y pro duct

net w ork. The com bination of these prop erties with em b eddings b et w een factor

graphs allo ws to obtain imp ortan t em b edding results for pro duct net w orks, as has

b een seen in the presen ted examples. These results will allo w to meaningfully

compare the relativ e p o w ers of pro duct net w orks.

� W e ha v e pro duced general algorithms whose p erformance is optimal for some in-

stances of pro duct net w orks. The algorithms dev elop ed allo w to sort, compute

summations, m ultiply matrices, and �nd the minim um -w e igh t spanning tree of a

graph in homogeneous pro duct net w orks. Other algorithms with similar structure

are simply deriv ed from the ones presen ted.

� W e ha v e obtained lo w er b ounds on the VLSI la y out area and wire length required b y

homogeneous pro duct net w orks. W e ha v e also dev elop ed pro cedures to e�ectiv ely

91
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our net w orks em ulate the grid e�cien tly while they require logarithmic dilation to host

it. Observ e again that the cost in la y out area of the additional p o w er is not high if w e

b ound the n um b er of dimensions.

Therefore, dep ending on the sp eci�c purp ose of the net w ork w e o�er three in teresting

candidates with b ounded degree. If still more computational p o w er is needed, it migh t b e

necessary to use higher-cost net w orks with un b ounded v ertex degree, lik e the h yp ercub e.
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P T

r

( N ) P S

r

( N ) P D

r

( N )

P R

r

( N ) d = 3, c = 2 d = 3, c = 2 Subgraph

P L

r

( N ) d = 3, c = 2 Subgraph Subgraph

M.o.T. Subgraph d = 2, c = 2 Subgraph

C.B.T. Subgraph d = 2, c = 2 Subgraph

S ( N

r

) - d = 2 r , c = 2 d = 4 r , c = 4

D ( N

r

) - d = 2 r , c = 8 d = r , c = 4

P T

r

( N � 1) N/A d = 2, c = 2 Subgraph

P S

r

( N ) - N/A d = 2, c = 2

P D

r

( N ) - d = 2, c = 2 N/A

T able 7.2: Em b edding capabilities of the pro duct of complete binary trees, sh u�e-

exc hange, and de Bruijn graphs.

F rom the �gures in T able 7.1 w e can see that all the three net w orks presen t in teresting

prop erties. Their diameter is logarithmic with resp ect to the n um b er of no des, they ha v e

large bisection width, and rather large connectivit y if r is large. Also, all of them p erform

v ery e�cien tly the algorithms presen ted. Finally , the la y out area required for them is

reasonably small. The pro duct of complete binary trees has same asymptotic la y out

area as the mesh of trees, while w e ha v e sho wn that the former is more p o w erful. The

other t w o net w orks ha v e similar asymptotic la y out area than their factor net w orks if r is

b ounded, while w e pro v ed that they are more p o w erful.

Ho w ev er, the real p o w er of the net w orks presen ted comes from their em b edding capa-

bilities. The pro duct of complete binary trees (and its extension) can e�cien tly em ulate

the torus, the mesh of trees, and the complete binary tree. An y em b edding of the n -no de

mesh of trees in to the similar-size grid requires 
( n= log n ) dilation, giv en their resp ectiv e

diameters, while no e�cien t em ulations of the grid b y the mesh of trees is kno wn. Th us,

the P T

r

( N ) net w ork (and sp ecially the P X

r

( N ) net w ork) seems more p o w erful than b oth

these net w orks, and the logical option if w e need a net w ork with the capabilities of the

grid and the mesh of trees. If w e add to this that the net w ork has the same la y out area

complexit y as the mesh of trees and, for more than 2 dimensions, than the grid, it lo oks

lik e a clear substitute to them.

No w, if further computational p o w er is needed, w e can use the pro ducts of sh u�e-

exc hange or de Bruijn graphs. By em ulation, these net w orks giv e us the p o w er of the

P T

r

( N ) net w ork plus the p o w er of h yp ercub e-deriv ed net w orks. This fact will sp eed up

some computations not suited to b e p erformed neither on the grid nor on the mesh of trees

(for instance, sorting) but whic h are v ery e�cien tly p erformed in a h yp ercub e-deriv ed

net w ork. Another adv an tage of these net w orks o v er the traditional h yp ercub e-deriv ed

net w orks used (pure sh u�e-exc hange, de Bruijn, butter
y , cub e-connected cycles) is that
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Prop ert y/algorithm P T

r

( N ) P S

r

( N ) P D

r

( N )

No des N

r

N

r

N

r

Edges r ( N � 1) N

r � 1

3 r N

r

= 2 2 r N

r

Diameter 2 r (log ( N + 1) � 1) r (2 log N � 1) r log N

Connectivit y r r 2 r

� r 3 r 4 r

� 3 r 3 r 4 r

P artitionabilit y 2

i

, i = 0 ; :::; log( N + 1) - -

Maximal congestion O ( N

r +1

) O ( N

r

log N ) O ( N

r

log N )

Bisection width �( N

r � 1

) �( N

r

= log N ) �( N

r

= log N )

Crossing n um b er 
( N

2( r � 1)

) 
( N

2 r

= log

2

N ) 
( N

2 r

= log

2

N )

Sorting O ( r

2

N ) O ( r

2

log

2

N ) O ( r

2

log

2

N )

Summation O ( r log N ) O ( r log N ) O ( r log N )

Matrix m ultipli cation O ( r log N ) O ( r log N ) O ( r log N )

Min.-w eigh t span. tree O ( r

2

log

2

N ) O ( r

2

log

2

N ) O ( r

2

log

2

N )

La y out area �( N

2( r � 1)

) (for r > 2) �( N

2 r

= log

2

N ) �( N

2 r

= log

2

N )

Max. wire length O ( N

r � 1

) (for r > 2) O ( N

r

= log N ) O ( N

r

= log N )

T able 7.1: Comparison of the prop erties of the pro duct of complete binary trees, sh u�e-

exc hange, and de Bruijn graphs.
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Therefore, the �rst and last edges of the paths are tra v ersed b y t w o of the four paths

and the in ternal edges of the paths are tra v ersed b y the four paths. Since the edges

tra v ersed b y these four paths are not tra v ersed b y an y other path, w e can conclude that

the congestion of the em b edding is at most four. Since for r = 2 the paths ha v e length

2 and ha v e no in ternal edges, the congestion in this case is only 2.

It has b een sho wn in [26] that D (2

k

) can host D (2

k + j

) with unit dilation cost. In

the resultan t em ulation, eac h v ertex of D (2

k

) is assigned exactly 2

j

no des (the load of

the em b edding.) The pro of is based on the observ ation that, b y erasing the righ tmost j

bits from v ertex lab els of D (2

k + j

), w e obtain a graph isomorphic to D (2

k

). By the same

observ ation, the follo wing results can b e stated.

Corollary 7.3 D ( N

r + j

) c an b e emb e dde d onto P D

r

( N ) with dilation r , c ongestion 4 (2

if r = 2 ), and lo ad N

j

.

And moreo v er,

Corollary 7.4 P D

r

( N 2

k

) c an b e emb e dde d onto P D

r

( N ) with unit dilation, unit c on-

gestion, and lo ad 2

k r

.

Therefore, for �xed r , a small size P D

r

( N ) arc hitecture can easily em ulate larger size

mac hines with prop ortional slo wdo wn in the running time.

Finally , the next result sho ws that pro ducts of de Bruijn graphs are more p o w erful

than the pure de Bruijn graphs (this is an extension of a similar result in [61] giv en for

t w o dimensions.)

Theorem 7.13 A ny emb e dding of P D

r

( N ) onto D ( N

r

) r e quir es dilation 
(log ( r log N )) .

Pro of: F rom Corollary 4.4, w e kno w that the grid P L

r

( N ) is a subgraph of P D

r

( N ). It

is sho wn in [7] that an y em b edding of P L

r

( N ), for r > 1, on to D ( N

r

) requires dilation

cost 
(log log N

r

). Hence, the claim follo ws.

Lik e the P S

r

( N ) net w ork, the VLSI la y out area required b y P D

r

( N ) is asymptotically

the same as that required b y D ( N

r

) if r is b ounded. The increase in p o w er comes at

reasonable cost.

7.4 Discussions and Conclusions

In this c hapter w e ha v e completed the study in depth of three new homogeneous pro duct

net w orks. In T able 7.1 w e ha v e compiled their structural and VLSI complexit y prop erties,

as w ell as the time complexit y of running the algorithms presen ted for homogeneous

pro duct net w orks.
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Pro of: The case for r = 2 w as sho wn in [61]. F or higher dimensions, since P D

r

( N ) =

D ( N ) 
 P D

r � 1

( N ), a v ertex of P D

r

( N ) can b e written as u = u

r n � 1

u

r n � 2

:::u

( r � 1) n

j S

0

,

where S

0

is a v ertex in P D

r � 1

( N ). F or the discussion b elo w, w e are only in terested in

the leftmost bit in S

0

, so w e can write it as S

0

= sS . That is,

u = u

r n � 1

u

r n � 2

:::u

( r � 1) n

j sS:

In D ( N

r

), the outgoing edges are to

v = u

r n � 2

:::u

( r � 1) n

s j S u

r n � 1

and

w = u

r n � 2

:::u

( r � 1) n

s j S u

r n � 1

:

F or P D

r

( N ), u has t w o neigh b ors at the highest dimension, x and y , where

x = u

r n � 2

:::u

( r � 1) n

u

r n � 1

j sS

and

y = u

r n � 2

:::u

( r � 1) n

u

r n � 1

j sS:

Let x

`

denote the leftmost (log N )-bit substring of x (i.e. the part to the left of \ j ".)

Then, observ e that

v

`

= w

`

=

(

x

`

if u

r n � 1

= s;

y

`

otherwise

This means that, b y follo wing one of the outgoing edges from u at the highest di-

mension, w e correct the leftmost log N bits of the address to w ards v . Since the next set

of log N bits can b e corrected b y the same metho d as ab o v e, r � 1 additional steps are

needed to reac h v .

W e can study no w the congestion of the em b edding. Note that the �rst edge of the

path from u to v and the �rst edge of the path from u to w are the same, since dep ending

on s the correction of the leftmost log N bits of u tak es b oth paths to either x or y .

F urthermore, the paths from u to v and form u to w share all the edges but the last one,

where the righ tmost log N bits are corrected.

Similarly , there exist edges in D ( N

r

) from the no de

u

0

= u

r n � 1

u

r n � 2

:::u

( r � 1) n

j sS

to v and w . The paths in P D

r

( N ) from u

0

to v and from u

0

to w ha v e a common �rst

edge, that dep ending on s tak es the paths to either x or y . F rom there they share all the

edges but the last one. The paths from u to v and from u

0

to v share all the edges but

the �rst one, and same thing happ ens with the paths from u to w and from u

0

to w .
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Pro of: The pro of is v ery simple. It has b een sho wn in [7] that an y em b edding of the grid

P L

r

( N ), for r > 1, in to the similar-size sh u�e-exc hange requires dilation 
(log log N

r

).

Since this grid is a subgraph of P S

r

( N ), the claim follo ws.

The results presen ted for P S

r

( N ) sho w that the net w ork is more p o w erful than its

factor net w ork. Observ e that, if the n um b er of dimensions is b ounded, their VLSI la y out

area complexit y is asymptotically the same.

7.3 Pro ducts of de Bruijn Graphs

W e �nally study in this section the pro duct of de Bruijn graphs, denoted P D

r

( N ). Com-

paring to the pro duct net w orks in the previous sections, the v ertex degree of this net w ork

increases b y 25%, while P D

r

( N ) has b etter prop erties in other resp ects. Diameter re-

duces b y 50%, and the minim um n um b er of parallel paths b et w een an arbitrary pair of

v ertices doubles. It also has b etter em b edding prop erties as is sho wn b elo w.

It is w ell kno wn that sh u�e-exc hange and de Bruijn net w orks are computationally

equiv alen t. That is, ev ery computation whic h can b e p erformed on one of them, can b e

also p erformed on the other with constan t slo wdo wn. W e presen ted in Corollary 4.6 that

this is also true for their resp ectiv e pro duct v ersions. Ho w ev er, P D

r

( N ) presen ts b etter

dilation and congestion in most of the em b eddings.

W e �rst presen t a whole family of tori as subgraphs of P D

r

( N ).

Theorem 7.11 F or al l k � N , P R

r

( k ) is a sub gr aph of P D

r

( N ) .

Pro of: Due to Theorem 4.1, it su�ces to note that the de Bruijn net w ork is pancyclic

[83], i.e. for ev ery v alue of k � N , D ( N ) con tains a cycle of length k .

In Section 4.2 w e ha v e presen ted the fact that P T

r

( N ) is a subgraph of P D

r

( N ).

Therefore, the follo wing corollary is immedi ate.

Corollary 7.2 The r -dimensional mesh of ( N � 1) -no de tr e es is a sub gr aph of P D

r

( N ) .

Observ e that this em b edding is m uc h b etter than the em b edding of the 2-dimensional

mesh of trees in to the pure de Bruijn graph presen ted in [68], whic h presen ts dilation of

2, congestion of 8, and load of 2.

The next t w o results sho w that P D

r

( N ) is more p o w erful than the de Bruijn graph

D ( N

r

).

Theorem 7.12 D ( N

r

) c an b e emb e dde d onto P D

r

( N ) with dilation r , and c ongestion 2

when r = 2 , or c ongestion 4 when r > 2 .
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ab o v e.) Then, observ e that

v

`

=

(

x

s

`

if u

r n � 1

= s;

x

e

`

otherwise

That is, x

e

is at a distance of t w o from u , and going from u to x

e

corrects just the leftmost

log N bits of the address to w ards v . Since the next set of log N bits can b e corrected b y

the same metho d as ab o v e, 2( r � 1) additional steps are needed to reac h v .

T o study the congestion of the describ ed em b edding w e tak e t w o v ertices of S ( N

r

),

where the leftmost log N bits and the righ tmost log N bits are explicitly sho wn, and

S

0

= sS is a v ertex in P S

r � 2

( N ), as

u = u

r n � 1

u

r n � 2

:::u

( r � 1) n

j sS j u

n � 1

u

n � 2

:::u

0

and

u

0

= u

r n � 1

u

r n � 2

:::u

( r � 1) n

j sS j u

n � 1

u

n � 2

:::u

0

whose resp ectiv e sh u�e neigh b ors are

v = u

r n � 2

:::u

( r � 1) n

s j S u

n � 1

j u

n � 2

:::u

0

u

r n � 1

and

v

0

= u

r n � 2

:::u

( r � 1) n

s j S u

n � 1

j u

n � 2

:::u

0

u

r n � 1

The paths in P S

r

( N ) for the edges ( u; v ) and ( u

0

; v

0

) meet at the no de

u

r n � 2

:::u

( r � 1) n

s j sS j u

n � 1

u

n � 2

:::u

0

after the leftmost log N bits ha v e b een corrected (b y tra v ersing one or t w o edges, de-

p ending on whether u

r n � 1

= s .) F rom there, b oth paths share the same edges un til the

no de

u

r n � 2

:::u

( r � 1) n

s j S u

n � 1

j u

n � 2

:::u

0

u

n � 1

is reac hed. Since no other paths con tain these edges the congestion in the edges tra v ersed

un til this p oin t is at most 2.

Let assume no w, without loss of generalit y , that u

n � 1

= u

r n � 1

. Then, the v ertex

reac hed b y the paths is v and the edge ( u; v ) has b een completely mapp ed. The path

from u

0

to v

0

still needs to tra v erse an exc hange edge to in v ert its righ tmost bit. The path

only shares this edge with the exc hange edge ( v ; v

0

) in S ( N

r

) and then, the congestion

of the edge is 2.

Hence, the congestion of the em b edding is 2 and the pro of is complete.

Theorem 7.10 A ny emb e dding of P S

r

( N ) into S ( N

r

) r e quir es dilation 
(log ( r log N )) .
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and

w

s;c

= u

2 n � 2

:::u

n +1

u

n

u

2 n � 1

j u

n � 1

u

n � 2

:::u

1

u

0

In the follo wing discussion, subscripts \ ` " and \ r " are used to denote the left-hand

half of a lab el, and the righ t-hand half of a lab el. F or example, w

s;c

`

denotes the left-hand

half of the v ertex w

s;c

ab o v e. There are t w o cases to consider:

Case 1: u

2 n � 1

= u

n � 1

. In this case the reader can easily v erify that v = w

s;c

`

j w

s;r

r

.

This means that one can go from u to v in P S

2

( N ) in t w o steps: b y mo ving to

the sh u�e neigh b or of u in the column and then to the sh u�e neigh b or in the ro w.

Alternativ ely , one can mo v e to the sh u�e neigh b or in the ro w �rst, and then in the

column.

Case 2: u

2 n � 1

6= u

n � 1

. Then, giv en u and v as ab o v e, the left-hand half and the

righ t-hand half of v can b e computed as:

v

`

= w

s;c

`

+ w

e;c

`

and

v

r

= w

s;r

r

+ w

e;r

r

where the \+" sign denotes sequencing of the t w o mo v es. That is, w

s;c

r

+ w

e;c

r

denotes mo ving to the sh u�e neigh b or in the column, follo w ed b y mo ving to the

exc hange neigh b or in the column. Since v = v

`

j v

r

, a sequence of four mo v es yields

the desired v ertex lab el.

T o extend these argumen ts for r > 2, since P S

r

( N ) = S ( N ) 
 P S

r � 1

( N ), a v ertex of

P S

r

( N ) can b e written as u = u

r n � 1

u

r n � 2

:::u

( r � 1) n

j S

0

, where S

0

is a v ertex in P S

r � 1

( N ).

F or the discussion b elo w, only the leftmost bit of S

0

is relev an t, so w e can write S

0

= sS .

That is,

u = u

r n � 1

u

r n � 2

:::u

( r � 1) n

j sS:

In S ( N

r

), the sh u�e neigh b or is

v = u

r n � 2

:::u

( r � 1) n

s j S u

r n � 1

F or the pro duct net w ork, u has a sh u�e neigh b or x

s

, where

x

s

= u

r n � 2

:::u

( r � 1) n

u

r n � 1

j sS

whic h in turn has an exc hange neigh b or x

e

, where

x

e

= u

r n � 2

:::u

( r � 1) n

u

r n � 1

j sS

Let x

`

denote the leftmost log N -bit substring of x (i.e. the part to the left of \ j "
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sh u�e-exc hange graph. Ho w ev er the resulting em b edding has larger load, dilation, and

congestion than the one presen ted here in to P S

r

( N ).

The next t w o results consider the em b edding of the sh u�e-exc hange graph in to its

pro duct v ersion, and the rev erse em b edding of the pro duct net w ork in to the pure sh u�e-

exc hange graph.

Theorem 7.9 S ( N

r

) c an b e emb e dde d onto P S

r

( N ) with dilation 2 r and c ongestion 2.

Pro of: First consider the case for r = 2. Both S ( N

2

) and P S

2

( N ) are lab eled b y

(2 log N )-bit strings. F or the pro duct graph, the righ tmost log N bits determine the

\ro w address," while the leftmost log N bits determine the \column address." W e sho w

that whenev er ( u; v ) is an exc hange edge in S ( N

2

), it is also an exc hange edge in P S

2

( N ).

Alternativ ely , whenev er ( u; v ) is a sh u�e edge in S ( N

2

), there is a path of length at most

4 from u to v in P S

2

( N ).

Consider the v ertex:

u = u

2 n � 1

u

2 n � 2

:::u

n +1

u

n

j u

n � 1

u

n � 2

:::u

1

u

0

Here \ j " separates the left-hand half of the lab el from the righ t-hand half. W e use directed

edges as w e did in De�nition 2.10 to simplify the pro of. Then, it su�ces to fo cus on the

outgoing edges only . If v is the exc hange neigh b or of u in S ( N

2

), then

v = u

2 n � 1

u

2 n � 2

:::u

n +1

u

n

j u

n � 1

u

n � 2

:::u

1

u

0

In the P S

2

( N ) graph, u has an exc hange neigh b or w in its ro w, whose address is obtained

b y complem en ti ng the righ tmost bit of the address. Clearly , w = v . In fact, it is true for

arbitrary r that whenev er ( u; v ) is an exc hange edge of S ( N

r

), it is also an exc hange edge

of P S

r

( N ). Therefore, the rest of this pro of only needs to consider the sh u�e edges.

No w supp ose ( u; v ) is a sh u�e edge in S ( N

2

). If u is as ab o v e, v m ust b e:

v = u

2 n � 2

:::u

n +1

u

n

u

n � 1

j u

n � 2

:::u

1

u

0

u

2 n � 1

:

F or P S

2

( N ), the ro w neigh b ors of u are

w

e;r

= u

2 n � 1

u

2 n � 2

:::u

n +1

u

n

j u

n � 1

u

n � 2

:::u

1

u

0

and

w

s;r

= u

2 n � 1

u

2 n � 2

:::u

n +1

u

n

j u

n � 2

:::u

1

u

0

u

n � 1

where the sup erscripts \ e; s; r " stand for \exc hange," \sh u�e," and \ro w," resp ectiv ely .

The column neigh b ors of u , indicated b y the sup erscript \ c ," are

w

e;c

= u

2 n � 1

u

2 n � 2

:::u

n +1

u

n

j u

n � 1

u

n � 2

:::u

1

u

0
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left subtree.

It can b e easily sho wn that this new pro duct net w ork has the same VLSI la y out

complexit y as the original P T

r

( N ). Therefore it seems to b e ev en more in teresting than

the original net w ork.

7.2 Pro ducts of Sh u�e-Exc hange Graphs

The second net w ork studied in this c hapter is the pro duct of sh u�e-exc hange graphs,

denoted P S

r

( N ). W e ha v e observ ed man y in teresting prop erties of this net w ork. This

net w ork seems to b e more p o w erful than the pure sh u�e-exc hange graph from sev eral

p oin ts of view. Its connectivit y is larger, as w ell as its bisection width. This net w ork

can em ulate the grid with constan t dilation, while an y em b edding of the grid in to the

sh u�e-exc hange of similar size requires un b ounded dilation.

Here w e presen t sev eral results that further sho w the p o w er of this net w ork, to �nally

pro v e that it is ev en more p o w erful than the pure sh u�e-exc hange.

W e �rst sho w that pro ducts of binary trees can b e em b edded in the pro ducts of

sh u�e-exc hange graphs with dilation 2 and congestion 2. While this result carries all the

em b edding prop erties of P T

r

( N ) to the P S

r

( N ) graph, it ma y b e b etter to �nd direct

em b eddings for some cases. Next, it is sho wn that the sh u�e-exc hange graph S ( N

r

) can

b e em b edded on to P S

r

( N ) with dilation 2 r and congestion 2. F or an implem en tation

with a �xed n um b er of dimensions, this em b edding can b e considered of constan t dilation,

particularly b ecause N can gro w indep enden tly from r . Moreo v er, it is sho wn that

P S

r

( N ) cannot b e em b edded on to S ( N

r

) with less than logarithmic dilation. This mak es

the pro duct net w ork more p o w erful than the sh u�e-exc hange net w ork itself.

Theorem 7.8 P T

r

( N � 1) c an b e emb e dde d into P S

r

( N ) with dilation 2 and c ongestion

2.

Pro of: Due to corollaries 4.1 and 4.2, it su�ces to sho w that T ( N � 1) can b e em b edded

in to S ( N ) with dilation 2 and congestion 2. The lab eling of the complete binary tree

describ ed in De�nition 2.8 and Figure 2.5 induces the desired em b edding.

The follo wing result is no w imme diately observ ed.

Corollary 7.1 As in The or em 7.3, a hier ar chy of meshes of tr e es c an b e emb e dde d into

P S

r

( N ) with dilation 2 and c ongestion 2.

There are kno wn e�cien t em b eddings of the 2-dimensional mesh of trees in to the

sh u�e exc hange, since w e can apply the em b edding of the mesh of trees in to the de

Bruijn graph presen ted b y Sc h w ab e [68] and then em b ed the de Bruijn graph on to the
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Figure 7.3: Extending the complete binary tree b y connecting the lea v es.

Finally , w e presen t a simple but v ery in teresting extension of the P T

r

( N ) net w ork

whic h con tains the torus as a subgraph.

Consider connecting the lea v es of the complete binary tree as sho wn in Figure 7.3.

W e denote the resulting graph as X ( N ) whic h is a subgraph of the X-tree graph [21].

In a mo dular implem en tation, all the no des of a tree could b e designed with the same

n um b er of I/O c hannels, and the un used c hannels at the lea v es could b e used to connect

the lea v es in this fashion. Moreo v er, the extra c hannels at the ro ots can b e used for I/O

with the external w orld.

If w e construct the pro duct of these trees, denoted P X

r

( N ), the resulting net w ork

has the p o w er of the P T

r

( N ). The next result sho ws that it also con tains the torus (and

hence the grid) as a subgraph.

Theorem 7.7 P X

r

( N ) c ontains P R

r

( N ) as a sub gr aph.

Pro of: W e sho w that X ( N ) con tains a hamiltonian cycle. The claim then directly

follo ws from Theorem 4.1.

W e �rst sho w that X ( N ) con tains the follo wing hamiltonian paths

LL-path: A path from the leftmost leaf to the righ tmost leaf.

LR-path: A path from the leftmost leaf to the ro ot.

Note that X ( N ) is symmetri c and a LR-path can b e con v erted in to a path from the

righ tmost leaf to the ro ot (symmetri c LR-path.)

W e pro ceed b y induction on the n um b er of lev els in X ( N ). If w e ha v e t w o lev els,

X (3) is just a triangle and the ab o v e paths are con tained in it. Therefore assume that

these paths exist in the h -lev el tree, X (2

h

� 1), where h > 1.

The LL-path for the ( h + 1)-lev el tree X (2

h +1

� 1) is obtained as the LR-path in the

left subtree of the ro ot, follo w ed b y the ro ot, follo w ed b y the symmetri c LR-path in the

righ t subtree.

The LR-path for the ( h + 1)-lev el tree X (2

h +1

� 1) is obtained as the LL-path in the

left subtree of the ro ot, follo w ed b y the LR-path in the righ t subtree, follo w ed b y the

ro ot.

The hamiltonian cycle for an y tree X ( N ) is, then, obtained as the LR-path in the

righ t subtree of the ro ot, follo w ed b y the ro ot, follo w ed b y the symmetric LR-path in the
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dilation and constan t congestion. The follo wing theorem presen ts this fact (the pro of can

b e found in the App endix.)

Theorem 7.5 The c omplete binary tr e e of r log ( N + 1) � b

r

2

c levels c an b e emb e dde d into

P T

r

( N ) , wher e N > 3 , with dilation 3 and c ongestion 3.

The complete binary tree that the ab o v e theorem em b eds in P T

r

( N ) is the largest

p ossible for r � 3 and v ery close to the largest (when not the largest) for small v alues of

r . F or instance, P T

9

(7) has enough no des to con tain a 25-lev el complete binary tree and

the ab o v e theorem em b eds a 23-lev el tree in to it.

The case N = 3 is not considered in Theorem 7.5 although it is sp ecially in teresting

b ecause P T

r

(3) is isomorphic to the grid P L

r

(3). Theorem 7.4 allo ws to obtain a complete

binary tree subgraph of P T

r

(3) that is the largest p ossible for r � 3. F or larger v alues

of r it is p ossible to apply an approac h similar to the one used in Theorem 7.5.

Observ e that, if the n um b er of dimensions is b ounded, the ab o v e em b eddings ha v e

b ounded expansion.

The next result sho ws that complete binary tree cannot em ulate its comparable-size

pro duct net w ork with less than logarithmic dilation.

Theorem 7.6 A ny emb e dding of P T

r

( N ) into the lar ge-enough c omplete binary tr e e r e-

quir es dilation 
(log ( r log log N )) .

Pro of: T o pro v e the claim w e sho w that P T

r

( N ) con tains a subgraph, G

1

, and that

there exists a sup ergraph of the complete binary tree, G

2

, suc h that an y em b edding of

G

1

in to G

2

requires the claimed amoun t of dilation.

G

1

is the r -dimensional grid. Since T ( N ) con tains a path of length M = 2(log ( N +

1) � 1), P T

r

( N ) con tains P L

r

( N ) as a subgraph. W e can select G

2

as the de Bruijn

graph since it con tains the complete binary tree as a subgraph. It is sho wn in [7 ] that

an y em b edding of P L

r

( N ) (for r > 1) in to the de Bruijn graph requires a dilation of at

least 
(log log M

r

). That giv es the claimed result.

W e ha v e also presen ted in Chapter 5 sev eral algorithms that p erform e�cien tly in the

pro duct of complete binary trees. Some of them giv e b etter p erformance that the mesh

of trees for problems sp ecially suited for this last net w ork. This presen ts the P T

r

( N )

net w ork as a v ery in teresting candidate to tak e o v er the p osition of the mesh of trees

b et w een the in terconnection net w orks.

One last fact will mak e this assertion stronger: b oth net w orks presen t same VLSI

la y out area complexit y . W e obtained the b ounds for the P G

r

( N ) in Section 6.4. They

can b e compared with the b ounds for the mesh of trees obtained in [41 ]. This fact implies

that the increase in area necessary to create a net w ork more p o w erful than the mesh of

trees is b ounded.
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Figure 7.2: Em b edding of the complete binary tree in to the t w o-dimensional pro duct of

complete binary trees.

the construction of the t w o-dimensional mesh of trees, i.e. all the colored no des, red or

blue, are con tained in the t w o-dimensional mesh of trees. F or induction, assume that the

( r � 1)-dimensional mesh of trees has b een already colored in the P T

r � 1

( N ) graph. The

coloring rule for the r -dimensional mesh of trees is the same. That is, when going from

P T

r � 1

( N ) to P T

r

( N ), color the in ternal no des of a dimension- r tree in blue if and only

if it has red lea v es. The set of v ertices colored red or blue giv es the largest r -dimensional

mesh of trees con tained in P T

r

( N ).

Once the largest mesh of trees is colored, successiv ely smaller meshes of trees are then

obtained b y remo ving all the colored v ertices and coloring the remaining v ertices b y the

same strategy .

Observ e that the largest mesh of trees subgraph of P T

r

( N ) has �( N

r

) no des. The

expansion of this em b edding is, hence, constan t.

The next results sho w that P T

r

( N ) is strictly more p o w erful than the similar-size

complete binary tree.

Theorem 7.4 The c omplete binary tr e e of r (log ( N + 1) � 1) + 1 levels is a sub gr aph of

P T

r

( N ) .

Pro of: F or r = 2, the em b edding of 5-lev el complete binary tree in to P T

2

(7) is sho wn in

Figure 7.2. Note, in particular, that the tree in the middle ro w constitutes the highest 3

lev els of the tree. The lea v es of this ro w tree corresp ond to the ro ots of column trees. This

pattern can b e recursiv ely rep eated for larger v alues of N in t w o dimensions. Assuming

that the claim is true for P T

r � 1

( N ), the em b edding pro of for r dimensions follo ws from

the recursiv e construction of P T

r

( N ).

Note that, for r = 2, the tree em b edded b y the ab o v e metho d is the largest tree

p ossible. In general, for larger v alues of r , larger trees can b e em b edded with constan t
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Figure 7.1: Em b edding meshes of trees in to pro ducts of complete binary trees.

pro duct of complete binary trees can em ulate the torus (and, hence, the grid) v ery e�-

cien tly . The follo wing result sho ws that this net w ork is in fact more p o w erful than the

grid, b y presen ting an optimal-dilation em b edding of P T

r

( N ) on to the grid.

Theorem 7.2 The optimal dilation of emb e dding P T

r

( N ) into P L

r

( N ) is d

N � 1

2 log( N +1) � 2

e .

Pro of: Section 3 in [32 ] presen ts an em b edding of the complete binary tree T ( N ) on to

the linear arra y L ( N ) with dilation cost d

N � 1

2 log ( N +1) � 2

e . The dilation of this em b edding

is optimal as it matc hes the trivial lo w er b ound obtained b y comparing the resp ectiv e

diameters of b oth net w orks. Then b y the simple application of Corollary 4.1 the claimed

em b edding is obtained. Optimalit y of the dilation follo ws from the trivial lo w er b ound

obtained b y comparing the diameters of the net w orks.

W e sho w no w that meshes of trees of comparable size are subgraphs of P T

r

( N ). In

fact, the P T

r

( N ) graph con tains not just one mesh of trees, but a hierarc h y of meshes of

trees as sho wn next.

Theorem 7.3 F or al l i = 1 ; :::; log ( N + 1) , P T

r

( N ) c ontains the mesh of ( N + 1) = 2

i

-le af

tr e es as a sub gr aph.

Pro of: Figure 7.1 sho ws the t w o-dimensional meshes of trees con tained in P T

2

(7). Note

that in this �gure there are three meshes of trees con tained, one with ( N + 1) = 2 = 4

lea v es for eac h tree (sho wn in dark no des), one with ( N + 1) = 4 = 2 lea v es for eac h tree

(sho wn in empt y no des), and one degenerate with ( N + 1) = 8 = 1 leaf (the cen tral no de.)

In general, the largest mesh of trees con tained in P T

r

( N ) is obtained as follo ws. Start

with the P T

2

( N ) graph and select the u th dimension-1 trees suc h that u is a leaf. F or

those trees selected, color the lea v es in red and the in ternal no des in blue. Do not color

the non-selected trees. F or the dimension-2 trees, color the in ternal no des of a tree in

blue if and only if it has red lea v es. Note that this coloring sc heme is consisten t with



Chapter 7

In teresting Pro duct Net w orks

In the previous c hapters w e ha v e deriv ed man y general results for homogeneous pro duct

net w orks. In eac h c hapter, the results obtained ha v e b een applied to sev eral instances of

pro duct net w orks to sho w the results' p o w er.

In this c hapter w e concen trate on three of these sp eci�c instances of homogeneous

pro duct net w orks and w e prop ose them as new in terconnection net w orks. The three

net w orks to b e co v ered are the pro duct of complete binary trees, P T

r

( N ), the pro duct of

sh u�e-exc hange graphs, P S

r

( N ), and the pro duct of de Bruijn graphs, P D

r

( N ). On top

of the capabilities of these net w orks presen ted in previous c hapters, w e compare them

here with their resp ectiv e factor net w ork and with other p opular non-pro duct net w orks.

W e sho w that all of them are v ery p o w erful net w orks and v ery in teresting candidates for

their use as in terconnection net w orks.

7.1 Pro ducts of Complete Binary T rees

In previous c hapters w e ha v e co v ered di�eren t asp ects of the pro duct of complete binary

trees. W e ha v e obtained that it has logarithmic diameter, large bisection width, and

b ounded v ertex degree when the n um b er of dimensions is b ounded. W e ha v e seen also

that it has connectivit y of r and man y w a ys to b e partitioned.

The �rst result of this section sho ws that the n um b er of v ertex-disjoin t paths b et w een

an y t w o no des in this net w ork is larger, in some cases, than the lo w er b ound de�ned b y

its connectivit y . The pro of of this theorem is presen ted in the App endix.

Theorem 7.1 Every p air of vertic es in P T

r

( N ) , wher e r > 1 , is c onne cte d by exactly m

vertex-disjoint p aths, wher e m is the minimum vertex de gr e e of the vertic es in the p air.

Despite its simple structure, the pro duct of complete binary trees ha v e v ery in ter-

esting em b edding prop erties. F or instance, while tori and meshes of trees are p o w erful

arc hitectures, they ha v e di�eren t strengths and w eaknesses. W e ha v e sho wn that the

76
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Figure 6.11: Comparison of the maxim um wire length b ounds obtained for P B

3

( N ) and

P C

3

( N ).

b y only a p olylogarithmic function of N .

F rom T able 6.3 and �gures 6.8 to 6.11, only if the n um b er of dimensions r is b ounded

the collinear metho d obtains b ounds that matc h the lo w er b ounds. In most cases it

ga v e b etter b ounds than the other t w o approac hes. The only exception w e ha v e is the

pro duct of complete binary trees. When applicable, the use of bisectors seems to giv e

same maxim um wire lengths as the use of bifurcators.

The ab o v e analyses suggest the metho d based on collinear la y outs as a v ery useful

and p o w erful approac h to the la y out problem for homogeneous pro duct net w orks. More

researc h ma y help in �nding normal collinear la y outs with small wiring width and small

bandwidth for a v ariet y of factor graphs.

Clearly , it is still necessary to study ho w these results can b e extended to obtain

la y outs for heterogeneous pro duct net w orks. If the heterogeneous pro duct net w ork is

obtained from same-size factor graphs it is not di�cult to deriv e b ounds similar to those

presen ted b y just considering the w orst case. F or instance, the lo w er b ounds presen ted

in theorems 6.5 and 6.6 are still v alid if w e de�ne C as the maxim um of the maximal

congestions of the factor graphs. Similarly , if f is the largest asymptotic complexit y

bisector of all the factor graphs, then the pro duct graph has a O ( x

( r � 1) =r

f ( x

1 =r

))-bisector.

The results for bifurcators and collinear la y outs can b e generalized in a similar w a y .
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on the la y out area in T able 6.2. W e do not kno w the bandwidth of these la y outs to

obtain a b ound on the wire length. Instead, w e use the wiring width and bandwidth

of a collinear la y out presen ted in [78 ] for the sh u�e-exc hange graph, whic h has wiring

width O ( N = log

1 = 2

N ) and bandwidth O ( N = log

1 = 2

N ). Note, then, that the maxim um

wire length b ounds presen ted in T able 6.3 for these net w orks ma y not b e ac hiev able with

the optimal area la y out presen ted in T able 6.2.

The normal collinear la y out obtained b y placing the lev els of the butter
y in order

one after the other has wiring width O ( N = log N ) and bandwidth O ( N = log N ). A similar

approac h can b e used for the cub e-connected cycles to obtain the same b ounds. The

h yp ercub e has, as factor net w ork, the 2-no de linear arra y whic h is laid out with wiring

width 1 and bandwidth 1 (see Figure 6.4.(a).) The P etersen graph can b e laid do wn in a

normal collinear la y out with b oth wiring width and bandwidth O (1). Also, it is p ossible

to obtain a normal collinear la y out for K ( N ) with wiring width O ( N

2

).

In �gures 6.5 to 6.11 w e plot these b ounds in a graphical form for those net w orks

considered more in teresting. In these �gures the x axis sho ws the v alue of N (the n um-

b er of no des in the factor graph) while the y axis sho ws the v alue of the b ounds on a

logarithmic scale, with all the constan t factors neglected (w e ignore the 
 and the O .)

The curv es ha v e b een lab eled with \Lo w" (lo w er b ound), \Bis" (upp er b ound obtained

b y using bisectors), \Bif" (upp er b ound obtained b y using bifurcators), and \Col" (up-

p er b ound obtained b y using collinear la y outs.) In the �gures w e �x the v alue of r to

3, represen ting also the v alue r = 2 when in teresting. F or larger v alues of r the shap e

of the �gures will remain practically the same, since the di�erence b et w een b ounds is a

function of N . The area b ounds for the linear arra y are not plotted for 2 dimensions

for the trivialit y of the la y out in this case. F or more dimensions all the approac hes yield

area-optimal la y outs and the plot is not in teresting. The b ounds are not plotted neither

for the h yp ercub e nor for the pro duct of P etersen graphs, since N is �xed for b oth net-

w orks. Also, w e did not plot the case for pro ducts of complete graphs since there is only

one upp er b ound result. F or h yp ercub es and pro ducts of P etersen and complete graphs

the area of collinear la y outs are optimal, but in maxim um wire length they di�er from

the lo w er b ound b y a factor of r .

F rom the results presen ted in T able 6.2 and �gures 6.5 to 6.7, the prop osed metho d

based on collinear la y outs seems to generate la y outs with optim um area in most of the

cases. Only for pro ducts of complete binary trees the la y out area is not minim um , and

it is not p ossible to reac h an optimal area la y out for this net w ork using this metho d,

since w e w ould need a normal collinear la y out for the complete binary tree with constan t

wiring width. The la y outs obtained b y using bisectors (when applicable) are also quite

area-e�cien t, since they ha v e optimal area for more than t w o dimensions in the studied

cases (see �gures 6.5 and 6.7.) In fact, the la y out obtained for the pro duct of complete

binary trees is also optimal for 2 dimensions since, as w e see in Chapter 7, this net w ork

has the mesh of trees as a subgraph, whic h requires area 
( N

2

log

2

N ) for t w o dimensions

[41]. The la y outs obtained b y using bifurcators are not alw a ys area-optimal, but are o�
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6.4 Application to Sp eci�c Net w orks

In tables 6.2 and 6.3 w e ha v e compiled the b ounds obtained b y applying the presen ted

results to sev eral net w orks. In b oth tables UN stands for \unkno wn" and N.A. stands

for \not applicable." T able 6.2 presen ts the b ounds on la y out area. The upp er b ounds

mark ed in this table with \*" are optimal. T able 6.3 presen ts the b ounds on maxim um

wire length. The upp er b ounds mark ed in this table with \*" are optimal if r is b ounded.

W e �rst presen t ho w these b ounds ha v e b een obtained.

The second column in b oth tables presen ts the lo w er b ounds obtained b y direct ap-

plication of theorems 6.5 and 6.6. The v alue of the maxim al congestion for all the factor

net w orks w as already obtained in Section 3.3.

The third and fourth columns of the tables presen t upp er b ounds obtained from

bisectors of the factor graphs. It is easy to observ e that the linear arra y and the complete

binary tree ha v e O(1)-bisectors. By applying Corollary 6.1 the presen ted b ounds are

directly obtained. There ha v e not b een found, as far as w e kno w, tigh t bisectors for the

sh u�e-exc hange and the de Bruijn graphs. Th us w e presen t the corresp onding b ounds as

unkno wn. W e can easily sho w that the ( n 2

n

)-no de butter
y can b e bisected b y remo ving

O (2

n

) edges, resulting in t w o butter
ies with one less lev el and sev eral isolated no des.

Therefore w e conclude that the butter
y has a O ( x= log x )-bisector. Similarly it can b e

sho wn that the cub e-connected cycles has a O ( x= log x )-bisector. T o obtain the b ounds

on wire length w e use x= log x = x

�

for some � > 0 and, therefore, � > 0 in Corollary 6.1

for b oth net w orks. Since the h yp ercub e and the pro duct of P etersen graphs can only

gro w b y increasing the n um b er of dimensions, they are considered here as net w orks with

un b ounded n um b er of dimensions, and the bisector approac h can not b e applied to them.

Similarly , this approac h can not b e applied to the pro duct of complete graphs since K ( N )

has not b ounded v ertex degree.

The �fth and sixth columns con tain the b ounds obtained from bifurcators of the factor

net w orks. The linear arra y and the complete binary tree ha v e 0-sp ecial bifurcators. The

v alue of the bifurcators for the sh u�e-exc hange and de Bruijn net w orks are obtained from

kno wn la y outs of area O ( N

2

= log

2

N ) [41], that implies the existence of O ( N = log N )-

bifurcators for these net w orks [9]. It is easy to see that the butter
y and the cub e-

connected cycles ha v e 1-sp ecial bifurcators. W e then apply corollaries 6.2 and 6.3 to

obtain the b ounds on la y out area and maxim um wire length for all these net w orks. Again,

the h yp ercub e and the pro duct of complete and P etersen graphs are not considered.

The last column of the tables presen t the upp er b ounds obtained from collinear la y outs

for the factor net w orks. If the no des of the linear arra y are laid do wn in a line w e obtain

a collinear la y out with wiring width 1 and bandwidth 1. The complete binary tree has a

collinear la y out with wiring width O (log N ) and bandwidth O ( N ), whic h can b e obtained

b y just lab eling the no des in in-order. F or the sh u�e-exc hange and de Bruijn graphs w e

can apply lemmas 6.3 and 6.4 to their optimal O ( N = log N ) � O ( N = log N ) area la y outs

[41] to obtain normal collinear la y outs with wiring width O ( N = log N ), hence the b ounds
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G ( N ) Area Max. Wire Length Condition

C : max. congestion 
( N

2( r +1)

=C

2

) 
( N

r +1

=C r d )

d : diameter

f ( x )-bisector O ( N

2

f

2

( N ) log

2

N ) r = 2

O ( N

2( r � 1)

f

2

( N )) r > 2

O ( x

�

)-bisector O ( N

2

log

2

N ) O ( N log N = log log N ) � = 0 and r = 2

O ( N

2( r + � � 1)

) O ( N

r + � � 1

) Otherwise

F -bifurcator O ( N

2( r � 1)

F

2

log

2

( N =F )) O ( N

r � 1

F

log ( N=F )

log log( N= 6(2+

p

2) F )

)

� -sp ecial bifurcator O ( N

2

log

2

N ) O ( N log N = log log N ) � = 0 and r = 2

O ( N

2( r + � � 1)

) O ( N

r + � � 1

) Otherwise

w : wiring width O ( w

2

N

2( r � 1)

) O ( bw N

r � 2

)

b : bandwidth

T able 6.1: Results on VLSI la y out complexit y obtained.

Upp er b ound for the area of pro duct net w ork

F actor Lo w er Bisector Bisector Bifurcator Bifurcator

net w ork b ounds ( r = 2) ( r > 2) ( r = 2) ( r > 2) Collinear

L ( N ) 
( N

2( r � 1)

) O ( N

2

log

2

N ) O ( N

2( r � 1)

) * O ( N

2

log

2

N ) O ( N

2( r � 1)

) * O ( N

2( r � 1)

) *

T ( N ) 
( N

2( r � 1)

) O ( N

2

log

2

N ) * O ( N

2( r � 1)

) * O ( N

2

log

2

N ) * O ( N

2( r � 1)

) * O ( N

2( r � 1)

log

2

N )

S ( N ) 
(

N

2 r

log

2

N

) UN O ( N

2 r

log

2

log N

log

2

N

) O ( N

2 r

= log

2

N ) *

D ( N ) 
(

N

2 r

log

2

N

) UN O ( N

2 r

log

2

log N

log

2

N

) O ( N

2 r

= log

2

N ) *

B ( N ) 
(

N

2 r

log

2

N

) O ( N

4

) O (

N

2 r

log

2

N

) * O ( N

2 r

) O ( N

2 r

= log

2

N ) *

C ( N ) 
(

N

2 r

log

2

N

) O ( N

4

) O (

N

2 r

log

2

N

) * O ( N

2 r

) O ( N

2 r

= log

2

N ) *

Q

1


(2

2( r � 1)

) N.A. N.A. O (2

2( r � 1)

) *

P (10) 
(10

2( r � 1)

) N.A. N.A. O (10

2( r � 1)

) *

K ( N ) 
( N

2( r +1)

) N.A. N.A. O ( N

2( r +1)

) *

T able 6.2: Bounds on the la y out area obtained b y application of the presen ted metho ds.

Upp er b ound for the wire length of pro duct net w ork

F actor Lo w er Bisector Bisector Bifurcator Bifurcator

net w ork b ounds ( r = 2) ( r > 2) ( r = 2) ( r > 2) Collinear

L ( N ) 
( N

r � 2

=r ) O ( N

log N

log log N

) O ( N

r � 1

) O ( N

log N

log log N

) O ( N

r � 1

) O ( N

r � 2

) *

T ( N ) 
(

N

r � 1

r log N

) O ( N

log N

log log N

) O ( N

r � 1

) O ( N

log N

log log N

) O ( N

r � 1

) O ( N

r � 1

log N )

S ( N ) 
(

N

r

r log

2

N

) UN O ( N

r

log log N

log N log log log N

) O ( N

r

= log N )

D ( N ) 
(

N

r

r log

2

N

) UN O ( N

r

log log N

log N log log log N

) O ( N

r

= log N )

B ( N ) 
(

N

r

r log

2

N

) O ( N

r

) O ( N

r

) O ( N

r

= log

2

N ) *

C ( N ) 
(

N

r

r log

2

N

) O ( N

r

) O ( N

r

) O ( N

r

= log

2

N ) *

Q

1


(2

r � 2

=r ) N.A. N.A. O (2

r � 2

) *

P (10) 
(10

r � 2

=r ) N.A. N.A. O (10

r � 2

) *

K ( N ) 
( N

r +1

=r ) N.A. N.A. O ( N

r +1

) *

T able 6.3: Bounds on the wire length obtained b y application of the presen ted metho ds.
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enough connection p oin ts in eac h side of the no de when needed. Figure 6.4.(b) presen ts

this initial situation for our example graph.

F or eac h ro w of no des w e apply the follo wing iterativ e pro cess. W e start b y creating

w new ro ws ab o v e the ro w of no des. The no des in the ro w are divided in N

d r = 2 e� 1

groups

of N adjacen t no des eac h, and the no des in eac h group are connected using the created

ro ws with the wires laid do wn as sp eci�ed b y the normal collinear la y out of G ( N ). This

completes the connections for the �rst dimension of the pro duct graph. W e subsequen tly

create w N new ro ws, divide the no des in a ro w in to N

d r = 2 e� 2

groups of N

2

adjacen t no des

eac h, and use the w N new ro ws in groups of w eac h to connect N no des of the second

dimension. These no des are N no des apart from one another.

In the i th iteration w e create w N

i � 1

new ro ws, divide the no des in N

d r = 2 e� i

groups of

N

i

no des eac h, and connect sets of N no des in the i th dimension, eac h N

i � 1

no des apart

from one another.

This pro cess is applied d r = 2 e times for eac h ro w of no des. The total n um b er of wiring

ro ws created is w

P

d r = 2 e� 1

i =0

N

i

. This is the distance b et w een t w o ro ws of pro cessors. Tw o

adjacen t pro cessors in the same ro w are still touc hing eac h other. Figure 6.4.(c) presen ts

the example la y out after completion of the ab o v e pro cess. T o obtain this la y out w e

applied the iterativ e step t wice.

The same iterativ e pro cess can b e applied b r = 2 c times to connect the columns. As a

result, w e �nd that the columns of pro cessors are at distance w

P

b r = 2 c� 1

i =0

N

i

. This com-

pletes the pro of. Figure 6.4.(d) sho ws the �nal la y out obtained for our example graph.

F rom this theorem w e can obtain b ounds on the area and maxim um wire length for

the la y out.

Corollary 6.4 If G ( N ) has a normal c ol line ar layout with wiring width w and b andwidth

b , then P G

r

( N ) c an b e laid out in an ar e a of dimensions �( w N

r � 1

) � �( w N

r � 1

) with

maximum wir e length �( bw N

r � 2

) .

Pro of: The length of the la y out obtained from the ab o v e theorem along the horizon tal

dimension is N

d r = 2 e

(� d r = 2 e + w

P

b r = 2 c� 1

i =0

N

i

). Since w � � = 2,

P

b r = 2 c� 1

i =0

N

i

= �( N

b r = 2 c� 1

),

and N

b r = 2 c� 1

� d r = 2 e for N � 2 and r � 2, then this length is �( w N

r � 1

). The length

along the v ertical dimension is N

b r = 2 c

(� d r = 2 e + w

P

d r = 2 e� 1

i =0

N

i

) = �( w N

r � 1

). Simi-

larly , the length of the longest edge is at most 2 w

P

d r = 2 e� 1

i =0

N

i

+ b ( N

d r = 2 e� 1

(� d r = 2 e +

w

P

b r = 2 c� 1

i =0

N

i

)) = �( bw N

r � 2

).

In T able 6.1 w e ha v e compiled the results obtained in this c hapter.
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(a)

(b) (c) (d)

Figure 6.4: La y out for the 3-dimensional h yp ercub e.

Since the N -no de directed complete graph can b e em b edded on to the graph G ( N ) with

congestion C , it follo ws that an y em b edding of G ( N ) on to L ( N ) requires congestion at

least N

2

= 2 C if N is ev en, or at least ( N

2

� 1) = 2 C if N is o dd, since otherwise w e could

obtain an em b edding of the directed complete graph with congestion smaller than its

maximal congestion.

Since the congestion of an y em b edding of G ( N ) on to L ( N ) is a lo w er b ound on the

n um b er of ro ws needed to route the edges of G ( N ), the result follo ws.

The La y out Metho d for Pro duct Graphs

The follo wing theorem represen ts the main result of this section. The pro of giv es an

algorithm to obtain the la y out for a pro duct graph from a normal collinear la y out of its

factor graph.

Theorem 6.12 If G ( N ) has a normal c ol line ar layout with wiring width w , then P G

r

( N )

has a layout with squar e no des of side � d r = 2 e plac e d r e gularly in N

d r = 2 e

c olumns of N

b r = 2 c

no des e ach, wher e two adjac ent c olumns of no des ar e at distanc e w

P

b r = 2 c� 1

i =0

N

i

and two

adjac ent r ows of no des ar e at distanc e w

P

d r = 2 e� 1

i =0

N

i

.

Pro of: W e sho w the iterativ e pro cess that can b e used to obtain the desired la y out.

The pro of is illustrated in Figure 6.4, whic h presen ts the construction of a la y out for

the 3-dimensional h yp ercub e. Figure 6.4.(a) presen ts a normal collinear la y out for the

2-no de linear arra y .

Initially , w e place the N

r

no des of P G

r

( N ) in the la y out as squares of side � d r = 2 e in

a grid fashion with N

d r = 2 e

columns of no des and N

b r = 2 c

ro ws of no des. Eac h no de touc hes

its neigh b or no des in the la y out. The size of the no des will guaran tee that there are
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side across the columns just created. Figure 6.3.(c) presen ts the 2 new columns created

in this step. Then, mo v e u to the b ottom ro ws, after resizing it to �

u

� �. Finally , use

the newly created columns as w ell as the ro ws originally allo cated to u to reroute the

edges from the b ottom ro ws. Since u had at least �

u

ro ws and w e ha v e �

u

columns, this

rerouting can b e done. Figure 6.3.(d) presen ts the �nal result for our example.

This ends the transformation. Note that the total n um b er of added columns is

P

u 2 V

�

u

, where V is the set of no des of G ( N ) and, therefore, the length of the la y-

out is O ( l + N �).

The ab o v e lemm a sho ws that an y la y out can b e transformed in to a seminormal

collinear la y out with wiring width of the same order as the width of the original la y-

out. While the transformation increases the length of the collinear la y out, w e will see

that it is the width of the normal collinear la y out whic h dominates the la y out area com-

plexit y for the pro duct graph. The collinear la y out obtained can no w b e compressed to

obtain a normal collinear la y out with at most same wiring width. This is sho wn in the

follo wing lemm a.

Lemma 6.4 If G ( N ) has a seminormal c ol line ar layout with wiring width w and b and-

width b , it also has a normal c ol line ar layout with wiring width at most w and b andwidth

b .

Pro of: The original la y out giv es us a p ossible lab eling ( i.e. the order in whic h the no des

of G ( N ) can b e placed) to obtain the desired wiring width w . This is all w e need for

the purp ose of obtaining the desired normal la y out. W e start b y placing the N no des

touc hing eac h other along a straigh t line. The i th no de in this line corresp onds to the i th

no de in the seminormal collinear la y out. W e then connect these no des b y three-segmen t

wires (t w o v ertical and one horizon tal) as required b y the original la y out.

Since there is a seminormal collinear la y out of width w that uses the same no de order,

w e can obtain a la y out whic h has at most w ro ws used for wires. The bandwidth of the

la y out remains the same.

Note that, in the ab o v e obtained la y out, the length of the longest wire is at most

2 w + b �, where b is the bandwidth of the la y out.

W e �nish this section b y presen ting a lo w er b ound on the wiring width of an y normal

collinear la y out for arbitrary graphs.

Theorem 6.11 If the maximal c ongestion of G ( N ) is C then the wiring width for any

normal c ol line ar layout of G ( N ) is at le ast N

2

= 2 C if N is even, and ( N

2

� 1) = 2 C if N

is o dd.

Pro of: Note �rst that an y em b edding of the N -no de directed complete graph on to the

linear arra y L ( N ) requires congestion N

2

= 2 if N is ev en, and ( N

2

� 1) = 2 if N is o dd.
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(b)

(a)

(c) (d)

Figure 6.3: T ransformation of a compact la y out in to a collinear la y out.

isolated no des, and at step i at most F =

p

2

i

edges are remo v ed to divide the graph, for

i = 0 ; :::; 2 log F . Then, the n um b er of ro ws needed to route the edges of G ( N ) are at

most

P

2 log F

i =0

F =

p

2

i

= O ( F ).

Finally , w e presen t a general metho d to obtain a normal collinear la y out from an

arbitrary la y out. The follo wing result sho ws that there is alw a ys a seminormal collinear

la y out with small wiring width.

Lemma 6.3 If G ( N ) has a layout of length l and with w , G ( N ) also has a seminormal

c ol line ar layout of length O ( l + N �) and wiring width O ( w ) .

Pro of: W e pro v e the lemm a b y sho wing ho w to transform the giv en la y out in to a semi-

normal collinear la y out with the claimed dimensions. The transformation is illustrated in

Figure 6.3, where w e sho w only the pro cess for one no de of the la y out. The app earance

of this no de in the original la y out is sho wn in Figure 6.3.(a).

W e �rst transform the no des of the giv en la y out b y adding enough ro ws so that eac h

no de uses at least �

u

ro ws, where �

u

is the v ertex degree of the no de u b eing transformed.

The width of the resulting la y out is at most O ( w ). Figure 6.3.(b) sho ws the result of

enlarging our example no de to use 2 ro ws.

W e subsequen tly create � new ro ws at the b ottom of the la y out. W e will ev en tually

mo v e all the no des in the la y out to these new ro ws. No other ro ws are added in the rest

of the transformation pro cess, therefore the wiring width of the new la y out will b e O ( w ).

In our example w e assumed � = 3 and then, at the b ottom of Figure 6.3.(c), the 3 new

ro ws in tro duced are sho wn.

Then, the follo wing step is applied iterativ ely un til all the no des are in the created

b ottom ro ws and w e ha v e a seminormal collinear la y out. The step searc hes from left to

righ t for the �rst column with tiles assigned to no des not y et mo v ed. This column can

ha v e tiles from sev eral no des. If so, w e tak e one no de arbitrarily .

Let u b e the no de w e ha v e c hosen. Create �

u

new columns on the left side of u .

When creating these columns do not stretc h the end of the wires inciden t to u in that
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also on the bandwidth of the collinear la y out. Belo w, w e presen t sev eral w a ys to

obtain normal collinear la y outs with small wiring width for arbitrary graphs.

3. It is applicable to an y graph regardless of the v ertex degree, while the applicabil-

it y of bisector or bifurcator-based approac hes are limited to graphs with b ounded

degree.

4. The asp ect ratio of la y outs is alw a ys O (1), whic h is a desirable c haracteristic for

fabrication.

Metho ds for Obtaining Normal Collinear La y outs

In this section w e are in terested in obtaining normal collinear la y outs with small wiring

width and small bandwidth, b ecause these are the prop erties that in
uence the c har-

acteristics of the la y out of the pro duct graph that w e obtain. W e can devise sev eral

metho ds to obtain normal collinear la y outs for an y graph.

First, observ e that an y graph G ( N ) has a normal collinear la y out of wiring width at

most

1

2

P

u 2 V

�

u

, where V is the set of no des of G ( N ), since this is the n um b er of wires

in the la y out and eac h wire requires no more than one ro w.

Second, the problem of �nding an e�cien t collinear la y out is closely related to the

class of problems kno wn as \graph lab eling" [16]. Giv en a w a y of lab eling the no des of

an N -no de graph with in teger lab els 1 ; :::; N (or, equiv alen tly , giv en a w a y of placing the

no des of the graph on a line), the maxim um distance b et w een t w o connected no des is

the b andwidth of the lab eling, while the maxim um n um b er of edges that cross a v ertical

line placed b et w een an y t w o no des is the cutwidth of the lab eling. Th us, if there is an

em b edding of a graph G ( N ) on to the linear arra y L ( N ) with bandwidth b and cut width c

it is trivial to obtain a normal collinear la y out for G ( N ) with wiring width c , bandwidth

b , and longest edge of length O ( b � + c ). F or an arbitrary graph, w e can obtain a lab el-

ing whic h minim ize s the bandwidth and the cut width b y using dynamic programming

algorithms, or heuristics.

Third, it is sho wn in [44] ho w to construct normal collinear la y outs for a graph G ( N )

with a f ( x )-separator. The la y out has wiring width O ( f ( N ) log N ) in general but, if

f ( x ) = 
( x

�

) for � > 0, then the wiring width is O ( f ( N )). F or graphs with F -bifurcators

w e obtain a similar result in the follo wing lemm a.

Lemma 6.2 If G ( N ) has a F -bifur c ator, then it has a normal c ol line ar layout with

wiring width O ( F ) .

Pro of: The construction of the la y out is similar to the construction sho wn in [44 ] for

separators. W e use a divide-and-conquer pro cess that divides the graph in to t w o sub-

graphs, obtains a collinear la y out for eac h, and reconnects the t w o la y outs b y adding at

most as man y new ro ws as edges w ere remo v ed in the partition step. F rom the de�ni-

tion of bifurcator, the division pro cess is applied at most 2 log F times b efore w e obtain
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and j to coun t the partitions within an application of the basic pro cess, v arying j from

0 to r � 1. The absolute coun t of partition steps for the whole graph is, then, k = ir + j .

In the i th application of the basic pro cess the size of the factor subgraphs that w e

are considering is m = N = 2

i

and w e remo v e at most O (( N = 2

i

)

�

) edges to partition this

subgraph. Then, the k th absolute partition step remo v es at most O (( N = 2

i

)

�

( N = 2

i

)

r � j � 1

( N = 2

i +1

)

j

) edges. W e can write

( N = 2

i

)

�

( N = 2

i

)

r � j � 1

( N = 2

i +1

)

j

=

N

r + � � 1

2

k � i (1 � � )

:

Since k � i (1 � � ) � k = 2 for r � 2 w e can conclude that P G

r

( N ) has a O ( N

r + � � 1

)-

bifurcator. W e still need to sho w in whic h cases this is a ( r + � � 1)-t yp e B bifurcator.

Note that

N

r + � � 1

2

k � i (1 � � )

=

( N

r

)

1 � (1 � � ) =r

(2

k

)

1 � i (1 � � ) =k

:

Since (1 � � ) =r � i (1 � � ) =k then 1 � i (1 � � ) =k � 1 � (1 � � ) =r and, therefore,

( N

r

)

1 � (1 � � ) =r

(2

k

)

1 � i (1 � � ) =k

= O (( N

r

= 2

k

)

1 � (1 � � ) =r

)

where 1 � (1 � � ) =r > 1 = 2 ( i.e. w e ha v e a t yp e B bifurcator) if either r > 2, or r = 2

and � > 0.

W e can no w apply theorems 6.3 and 6.4 com bined with this theorem to obtain the

follo wing corollary .

Corollary 6.3 If G ( N ) has a � -sp e cial bifur c ator then P G

r

( N ) c an b e laid out in an

ar e a of O ( N

2

log

2

N ) with maximum wir e length O ( N

log N

log log N

) if r = 2 and � = 0 , or in

an ar e a of O ( N

2( r + � � 1)

) with maximum wir e length O ( N

r + � � 1

) otherwise.

6.3.3 Upp er Bounds Based on Collinear La y outs

In this section w e presen t another approac h to obtain la y outs for pro duct net w orks. W e

use a collinear la y out for the factor net w ork to obtain a la y out for the homogeneous

pro duct net w ork. This collinear approac h for la ying out pro duct graphs has sev eral

adv an tages:

1. It ga v e the optimal area la y outs for all the cases w e considered (with only one

exception), and wire lengths w ere quite close to optimal.

2. It dep ends on obtaining a collinear la y out for the factor graph, whic h is m uc h easier

to obtain than go o d bisectors or bifurcators. The area of the la y out only dep ends

on the wiring width of the collinear la y out. The maxim um wire length dep ends
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the w orst case, w e tak e the larger of the t w o obtained subgraphs. W e can partition this

subgraph b y dimension 2 b y remo ving at most H d N = 2 e N

r � 2

edges. This v alue is smaller

than H N

r � 1

=

p

2 .

W e can con tin ue in this w a y partitioning the subgraphs b y eac h dimension. When

dividing the largest subgraph b y dimension i w e remo v e at most H d N = 2 e

i � 1

N

r � i

edges,

that is smaller than H N

r � i

=

p

2

i � 1

. After dividing b y dimension r eac h subgraph obtained

has at most d N = 2 e no des along eac h dimension.

If w e start the pro cess again, the next division will remo v e at most H d N = 2 e

r � 1

=

p

2

edges, that is smaller than H N

r � 1

=

p

2

r

. Therefore, the pro cess can b e rep eated without

exceeding the maxim um n um b er of edges allo w ed b y the de�nition of bifurcator.

As in the pro of of Theorem 6.7, w e can apply the partition pro cess just describ ed to

eac h of the 2

r

subgraphs of P G

r

( N ) obtained, to the subgraphs obtained from them, and

so on, un til all the no des are isolated. By rep eating this pro cess at most log N + 1 times

all the no des in P G

r

( N ) will b e isolated, and the theorem follo ws.

W e recall here that Bhatt and Leigh ton [9] sho w ed that if G ( N ) can b e laid out in an

area A it has a

p

A -bifurcator. Th us, if G ( N ) can b e laid out in an area A then P G

r

( N )

has a N

r � 1

6(2 +

p

2)

p

A -bifurcator. F rom Theorem 6.9 w e can obtain bifurcator-based

b ounds for the area and maxim um wire length b y using Theorem 6.3.

Corollary 6.2 If G ( N ) has a F -bifur c ator then P G

r

( N ) c an b e laid out in an ar e a of

O ( N

2( r � 1)

F

2

log

2

( N =F )) with maximum wir e length O ( N

r � 1

F

log ( N =F )

log log ( N = 6(2+

p

2) F )

) .

The ab o v e theorem and corollary are univ ersally applicable. Ho w ev er, as Bhatt and

Leigh ton [9] noted, there are graphs with sp ecial c haracteristics whic h allo w to impro v e

the ab o v e b ounds. This fact is re
ected in the follo wing results.

Theorem 6.10 If G ( N ) has a � -sp e cial bifur c ator then P G

r

( N ) has a O ( N

r + � � 1

) -

bifur c ator. This is a ( r + � � 1) -typ e B bifur c ator if either r > 2 , or r = 2 and � > 0 .

Pro of: Let N b e a p o w er of t w o for simplicit y . F rom Theorem 5 in [9] w e kno w

that G ( N ) has a partition pro cess where eac h partition in the i th partition step bi-

sects the corresp onding graph without remo ving more than 6

P

p

s = i

O (( N = 2

s

)

�

) edges, for

i = 0 ::: log N � 1, and p is the n um b er of steps of the original partition pro cess. This sum-

mation is a decreasing geometric series, that is essen tially on the order of its �rst term.

Then, G ( N ) has a partition pro cess suc h that eac h partition in the i th partition step

bisects the corresp onding graph without remo ving more than 6 O (( N = 2

i

)

�

) = O (( N = 2

i

)

�

)

edges, for i = 0 ::: log N � 1.

The partition pro cess is similar to the one presen ted in the pro of of Theorem 6.9. W e

apply a basic pro cess log N times, partitioning the graphs r times in eac h application.

W e will use i to coun t the applications of the basic pro cess, i v arying from 0 to log N � 1,
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the pro of is complete.

Once w e obtain a bisector for pro duct net w orks w e are ready to apply it to obtain

b ounds on the la y out parameters. W e can use Theorem 6.1 to obtain the follo wing result.

Theorem 6.8 If G ( N ) has a f ( x ) -bise ctor then P G

r

( N ) c an b e laid out in a squar e of

side O ( N f ( N ) log N ) when r = 2 , or side O ( N

( r � 1)

f ( N )) when r > 2 .

Pro of: In Theorem 6.7 w e ha v e obtained that P G

r

( N ) has a O ( x

( r � 1) =r

f ( x

1 =r

))-bisector.

Since P G

r

( N ) has N

r

no des, w e can obtain the v alue of the summation presen ted in The-

orem 6.1 as

P

r log

4

N

i =0

2

i

O (( N

r

= 4

i

)

( r � 1) =r

f ( N = 4

i=r

)) = O ( f ( N )

P

r log

4

N

i =0

2

i

(

N

r

4

i

)

( r � 1) =r

) since

f ( x ) is a monotonically non-decreasing function. The v alue of this last summation is

O ( N log N ) when r = 2, or O ( N

r � 1

) when r > 2 [80 ]. Therefore, the v alue of the �rst

summation is O ( N f ( N ) log N ) when r = 2, or O ( N

r � 1

f ( N )) when r > 2, and the claim

follo ws.

The most studied kind of bisectors has b een O ( x

�

)-bisectors, for b ounded � . Theo-

rem 6.2 can b e directly applied to pro duct net w orks to obtain the next corollary .

Corollary 6.1 If G ( N ) has a O ( x

�

) -bise ctor, for b ounde d � , then P G

r

( N ) c an b e laid

out in an ar e a of O ( N

2

log

2

N ) with maximum wir e length O ( N log N = log log N ) when

� = 0 and r = 2 , or in an ar e a of O ( N

2( r + � � 1)

) with maximum wir e length O ( N

r + � � 1

)

otherwise.

6.3.2 Upp er Bounds Based on Bifurcators

The follo wing theorem and its corollary presen t the initial general results of this section.

After these w e presen t additional results applicable to graphs with � -sp ecial bifurcators,

whic h yield tigh ter b ounds.

Theorem 6.9 If G ( N ) has a F -bifur c ator then P G

r

( N ) has a N

r � 1

6(2+

p

2 ) F -bifur c ator.

Pro of: F rom Theorem 6 in [9] w e kno w that if G ( N ) has a F -bifurcator then it has a

H = 6(2 +

p

2 ) F -bifurcator (balanced bifurcator) that bisects the graph at eac h partition.

Then, after at most log N + 1 partitions G ( N ) is transformed in to N isolated no des. Along

the rest of the pro of w e will denote 6(2 +

p

2 ) F as H for brevit y .

The pro of is v ery similar to the pro of of Theorem 6.7. W e sho w that giv en P G

r

( N ) w e

can obtain 2

r

subgraphs, eac h b eing the r -dimensional (p ossibly heterogeneous) pro duct

of factor graphs with H =

p

2-bifurcators and at most d N = 2 e no des.

W e initially consider dimension 1. T o partition P G

r

( N ) w e can bisect eac h G ( N )-

subgraph in this dimension, remo ving no more than H N

r � 1

edges in total. Eac h dimension-

1 G ( N )-subgraph is so divided in to a b N = 2 c -no de and a d N = 2 e -no de subgraphs. T o follo w
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Case N o dd: The logic in this case is similar to the logic in the ab o v e case, but w e

m ust b e careful b ecause b y simply bisecting eac h subgraph along a dimension w e

are not bisecting the whole graph. What w e do in this case is breaking eac h G ( N )-

subgraph in a giv en dimension in to t w o subgraphs, with ( N � 1) = 2 no des eac h, and

one isolated no de. As the isolated no des are connected b et w een themselv es b y the

other dimensions, w e also remo v e these connections and distribute the so obtained

isolated no des ev enly b et w een the t w o large connected subgraphs.

W e can initially tak e dimension 1. By bisecting eac h dimension-1 G ( N )-subgraph

w e remo v e no more than N

r � 1

f ( N ) edges and w e obtain t w o subgraphs with

N

r � 1

( N � 1) = 2 and N

r � 1

( N + 1) = 2 no des, resp ectiv ely . Clearly , P G

r

( N ) has not

b een bisected. No w, w e can tak e the subgraph with the larger n um b er of no des

and isolate one no de along dimension 1 from eac h of the dimension-1 subgraphs,

the same no de in eac h subgraph. Since w e are assuming that G ( N ) has b ounded

v ertex degree, w e can do so b y remo ving a b ounded n um b er of edges from eac h

dimension-1 subgraph. This leads to a total of O ( N

r � 1

) edges remo v ed.

No w w e ha v e t w o subgraphs with N

r � 1

( N � 1) = 2 no des eac h, and a ( r � 1)-

dimensional subgraph, isomorphic to P G

r � 1

. F rom Lemma 6.1, the factor graph

G ( N ) that generates the ( r � 1)-dimensional subgraph has no more than O ( N f ( N ))

edges. Therefore w e can isolate the no des of this subgraph b y remo ving at most

( r � 1) N

r � 2

O ( N f ( N )) = O ( N

r � 1

f ( N )) edges.

As a result of the ab o v e pro cess w e ha v e t w o subgraphs with the same n um b er of

no des and some isolated no des. If w e distribute the isolated no des ev enly b et w een

the t w o subgraphs our bisection is done. The total n um b er of edges remo v ed has

b een N

r � 1

f ( N ) + O ( N

r � 1

) + O ( N

r � 1

f ( N )) = O ( N

r � 1

f ( N )) from the initial N

r

-

no de graph.

This pro cess can b e applied to eac h dimension as in the case of N ev en. In eac h

application O ( N

r � 1

f ( N )) edges are remo v ed from a �( N

r

)-no de graph. After the

graph has b een bisected in this w a y along eac h dimension, w e ha v e 2

r

disjoin t r -

dimensional subgraphs, eac h b eing the pro duct of (( N � 1) = 2)-no de graphs with

f ( x )-bisector, plus sev eral isolated no des distributed ev enly b et w een them.

W e ha v e no w 2

r

subgraphs of P G

r

( N ) eac h b eing the r -dimensional pro duct of factor

graphs with b N = 2 c no des and f ( x )-bisectors. Note that in the ab o v e describ ed pro cess

w e only use the fact of P G

r

( N ) ha ving the same n um b er of no des along eac h dimension

and of eac h factor graph ha ving a f ( x )-bisector. Since the obtained subgraphs full�l these

requiremen ts, the describ ed pro cess can b e applied again to eac h of them. Subsequen tly ,

the subgraphs obtained from them will also full�l the requiremen ts, and the pro cess can

b e applied to eac h of them, and so on, un til all the no des are isolated.

Since in eac h bisection of the whole pro cess the n um b er of edges remo v ed do es not

exceed the limits imp osed b y the de�nition of g ( x )-bisector for g ( x ) = O ( x

( r � 1) =r

f ( x

1 =r

)),



CHAPTER 6. VLSI LA YOUT COMPLEXITY 60

Pro of: W e initially presen t the follo wing lemm a that shall b e used in the pro of.

Lemma 6.1 If G ( N ) has a f ( x ) -bise ctor, then it has at most O ( N f ( N )) e dges.

Pro of: Assume for simplicit y that N is a p o w er of 2. By the de�nition of bisector, G ( N )

can b e divided in to t w o subgraphs b y remo ving no more than f ( N ) edges. Then, w e

obtain 2 subgraphs with N = 2 no des eac h, whic h can b e bisected b y remo ving no more

that f ( N = 2) edges from eac h. After i bisections of this kind, w e obtain 2

i

subgraphs with

N = 2

i

no des eac h, whic h in turn can b e bisected b y remo ving no more that f ( N = 2

i

) edges

from eac h. After applying the bisection pro cess log N times w e obtain N isolated no des.

The maxim um n um b er of edges remo v ed in the whole pro cess can b e easily computed

as, f ( N ) + 2 f ( N = 2) + 2

2

f ( N = 2

2

) + ::: + 2

log N � 1

f ( N = 2

log N � 1

) =

P

log N � 1

i =0

2

i

f ( N = 2

i

) =

O ( N f ( N )).

The pro of no w sho ws ho w to divide P G

r

( N ) in to isolated no des b y rep eatly applying

bisections that resp ect the de�nition of O ( x

( r � 1) =r

f ( x

1 =r

))-bisector.

Initially , w e sho w ho w to divide P G

r

( N ) in to 2

r

disjoin t subgraphs and, p ossibly ,

some isolated no des. This pro cess is done in r bisection steps, eac h of whic h remo v es

O ( N

r � 1

f ( N )) edges from its corresp onding graph. A t the end of the pro cess, eac h of

the obtained subgraphs is the r -dimensional (p ossibly heterogeneous) pro duct of factor

graphs with b N = 2 c no des and f ( x )-bisectors.

A partition pro cess similar to the one applied to P G

r

( N ) can then b e applied to eac h

of these subgraphs, to the subgraphs obtained from them, and so on, un til all the no des

are isolated.

The basic partition pro cess considers t w o cases, when N is ev en and when N is o dd.

Case N ev en: By de�nition of bisector, eac h of the G ( N )-subgraphs in eac h dimension

can b e bisected b y remo ving no more than f ( N ) edges. W e can initially consider

only the G ( N )-subgraphs in dimension 1. P G

r

( N ) can b e divided in to t w o sub-

graphs with the same n um b er of no des in eac h b y bisecting eac h of the dimension-1

G ( N )-subgraphs. As there are N

r � 1

suc h subgraphs, w e ha v e remo v ed no more

than N

r � 1

f ( N ) edges from the N

r

-no de graph.

No w, w e can tak e one of the t w o subgraphs of P G

r

( N ) obtained and divide it in to

t w o subgraphs with same n um b er of no des b y bisecting eac h of its dimension-

2 G ( N )-subgraphs. The n um b er of edges remo v ed this time is no more than

N

r � 1

f ( N ) = 2 from a graph with N

r

= 2 no des.

W e can con tin ue this pro cess, bisecting the obtained subgraphs along eac h dimen-

sion. When bisecting the subgraphs b y dimension i w e are remo ving no more than

N

r � 1

f ( N ) = 2

i � 1

= O ( N

r � 1

f ( N )) edges from N

r

= 2

i � 1

= �( N

r

)-no de graphs.

After bisecting the subgraphs b y dimension r w e obtain 2

r

disjoin t subgraphs, eac h

b eing the r -dimensional pro duct of ( N = 2)-no de graphs with f ( x )-bisectors (b ecause

they are bisections of graphs with f ( x )-bisectors.)
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t w o parameters an ymore, since the maximal congestion giv es us the same b ounds that

w e can obtain from them.

No w w e presen t a lo w er b ound on the length of the longest wire in an y la y out of a

pro duct graph.

Theorem 6.6 If the maximal c ongestion of G ( N ) is C and its diameter is d , then the

length of the longest wir e in any layout of P G

r

( N ) is at le ast 
(

N

r +1

C r d

) .

Pro of: Theorem 5-2 in [41] sho ws that an y la y out of a graph with diameter D and

minim um la y out area A has some wire of length at least A

1 = 2

= 3 D . F rom Theorem 3.1,

the diameter of P G

r

( N ) is D = r d and, from Theorem 6.5, its la y out area is at least


(

N

2( r +1)

C

2

). Therefore, w e can conclude that an y la y out of P G

r

( N ) has some wire of

length at least


( N

r +1

=C )

3 r d

= 
(

N

r +1

C r d

).

6.3 Upp er Bounds

In this section w e �rst presen t upp er b ounds obtained b y traditional framew orks, namely

bisectors and bifurcators. W e sho w that, giv en a bisector or a bifurcator for the factor

graph, w e can obtain a bisector or a bifurcator for the pro duct graph. Since these

framew orks are only applicable to net w orks with b ounded v ertex degree, w e will assume

that the factor graph has b ounded v ertex degree and that the n um b er of dimensions of

the pro duct net w ork is also b ounded. These assumptions are not v ery restrictiv e if w e

are dealing with factor net w orks that can gro w without increasing the v ertex degree.

Sherlek ar and J� aJ� a [70 , 71 ] in v estigated the use of separators and bifurcators to obtain

e�cien t la y outs for un b ounded-v ertex-degree graphs. Ho w ev er, the kinds of separators

and bifurcators they use are so restrictiv e that it do es not seem p ossible to obtain simple

general results for pro duct graphs b y using them.

Subsequen tly , w e presen t another approac h that is univ ersally applicable and do es

not ha v e an y restriction on the v ertex degree or on the n um b er of dimensions. This

metho d of obtaining e�cien t la y outs for pro duct net w orks is based on the existence of

e�cien t collinear la y outs for the factor net w orks. W e sho w that it is alw a ys p ossible to

�nd reasonably e�cien t collinear la y outs for an y net w ork and presen t a sp eci�c tec hnique

to do so.

6.3.1 Upp er Bounds Based on Bisectors

The follo wing theorem presen ts the basic result of this section.

Theorem 6.7 If G ( N ) has a f ( x ) -bise ctor, then P G

r

( N ) has a O ( x

( r � 1) =r

f ( x

1 =r

)) -

bise ctor.
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Figure 6.2: Normal collinear la y out for K (5).

De�nition 6.7 The wiring width of a c ol line ar layout is the numb er of r ows use d to

r oute the wir es in the layout.

The v alue of the wiring width is alw a ys the width of the la y out min us the maxim um

v ertex degree �.

De�nition 6.8 The bandwidth of a c ol line ar layout is the maximum distanc e, in numb er

of no des, b etwe en any two c onne cte d no des.

The maxim um wire length is closely related to the bandwidth of a la y out as w e discuss

later. Figure 6.2 presen ts a normal collinear la y out for K (5) with wiring width 6 and

bandwidth 4.

6.2 Lo w er Bounds

In this section w e obtain lo w er b ounds on the la y out area and maxim um wire length

required b y an y la y out of P G

r

( N ).

In [78], Thompson sho w ed that the square of the bisection width is a lo w er b ound

(within a constan t factor) on the wire area required b y an y la y out of a graph. Similarly ,

Leigh ton [41 ] presen ted the crossing n um b er as a lo w er b ound on the wire area of an y

la y out of a graph. Then, w e can use theorems 3.9 and 3.10 to pro v e the follo wing theorem.

Theorem 6.5 If the maximal c ongestion of G ( N ) is C then the layout ar e a of P G

r

( N )

is at le ast 
(

N

2( r +1)

C

2

) .

This result emphasizes the imp ortance of the maximal congestion as a parameter

of a graph. Previously , the t w o approac hes to obtain lo w er b ounds on the la y out area,

bisection width and crossing n um b er, w ere considered indep enden t from eac h other. Here,

w e ha v e sho wn the maximal congestion as a link b et w een b oth approac hes, whic h allo w

to obtain tigh t lo w er b ounds on the area. In fact, in man y cases w e do not need the other
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De�nition 6.3 A n -no de gr aph has a � -sp e cial bifur c ator, 0 � � � 1 , if it has a

O ( max f

p

n; n

�

g ) -bifur c ator such that no mor e than O (( n= 2

i

)

�

) e dges ar e r emove d in

e ach p artition at the i th step of the p artition pr o c ess, wher e i = 0 initial ly.

Note that when � = 1 = 2 w e ha v e the de�nition of

p

n -bifurcator, but for � 6= 1 = 2 the

partition pro cess de�ned is more restrictiv e than the one implied in De�nition 6.2. W e

no w de�ne a sub class of graphs with � -sp ecial bifurcators. This sub class w as originally

considered in [9].

De�nition 6.4 A gr aph has a � -typ e B bifur c ator if it has a � -sp e cial bifur c ator, wher e

� > 1 = 2 .

F rom the v alue of the bifurcator of a graph, there ha v e b een presen ted the follo wing

results in [9].

Theorem 6.3 A n -no de gr aph with a F -bifur c ator c an b e laid out in an ar e a of O ( F

2

log

2

n

F

) with maximum wir e length of O ( F

log

n

F

log log

n

F

) .

Theorem 6.4 A n -no de gr aph with a � -typ e B bifur c ator c an b e laid out in an ar e a of

O ( n

2 �

) with maximum wir e length of O ( n

�

) .

Again, the bifurcator framew ork is restricted to b e used with b ounded degree net-

w orks.

6.1.4 Collinear La y outs

The last approac h to obtain la y outs for homogeneous pro duct net w orks w e in v estigate is

based on the existence of e�cien t collinear la y outs of the factor graph. A VLSI la y out

is called c ol line ar if all the no des are placed along a straigh t line. W e will use collinear

la y outs of the factor graph to generate la y outs for the pro duct graph.

T o b e able to use them, w e imp ose sev eral restrictions on the collinear la y outs. W e

assume that the no des are aligned horizon tally .

De�nition 6.5 A c ol line ar layout is seminormal if al l the no des in the layout ar e plac e d

at the b ottom r ows of the layout, a no de u o c cupies � r ows and �

u

c olumns, and al l the

wir es ar e laid down ab ove the r ow � .

De�nition 6.6 A c ol line ar layout is normal if it is seminormal, al l the no des ar e adja-

c ent, and al l the wir es ar e laid down as two vertic al se ctions c onne cte d by a horizontal

se ction.

F or these t w o classes of la y outs w e can de�ne t w o new parameters.
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De�nition 6.1 L et f ( x ) b e a monotonic al ly non-de cr e asing function. A n -no de gr aph

has a f ( x ) -bise ctor either if it has only one no de or if by r emoving at most f ( n ) of its

e dges it c an b e divide d into two sub gr aphs with the same numb er of no des (within one),

b oth with f ( x ) -bise ctors.

In general, separators need not bisect the graph at eac h stage. Our de�nition is more

restrictiv e, for instance, than the de�nition of separator used b y Leiserson [44]. Ho w ev er,

Ullman [80] sho w ed ho w to obtain a bisector (he calls it strong separator) from separators

as de�ned b y Leiserson.

The separator framew ork is restricted to la y out graphs with b ounded v ertex degree.

This is an imp ortan t restriction on the applicabilit y of this framew ork.

W e also presen t sev eral results for graphs with giv en bisectors. The follo wing result

can b e found in [80].

Theorem 6.1 A n -no de gr aph with a f ( x ) -bise ctor c an b e laid out in a squar e ar e a whose

side is O ( max f

p

n;

P

log

4

n

i =0

2

i

f ( n= 4

i

) g ) .

The kind of bisectors most commonly considered are those of the form f ( x ) = O ( x

�

).

F or them the ab o v e summation tak es a v alue O (

p

n ) if � < 1 = 2, a v alue O ( n

�

) if � > 1 = 2,

and a v alue O (

p

n log n ) if � = 1 = 2. F or graphs with these kind of bisectors it has b een

sho wn that the ab o v e areas can b e obtained with the follo wing maxim um wire length

[41].

Theorem 6.2 A n -no de gr aph with a f ( x ) -bise ctor, wher e f ( x ) = O ( x

�

) , c an b e laid

out in an ar e a of O ( n ) with maximum wir e length of O (

p

n log n ) if � < 1 = 2 , in an ar e a

of O ( n

2 �

) with maximum wir e length of O ( n

�

) if � > 1 = 2 , and in an ar e a of O ( n log

2

n )

with maximum wir e length of O (

p

n log n= log log n ) if � = 1 = 2 .

6.1.3 Bifurcators

Bifurcators app eared as an alternativ e to separators. They solv e some of the problems

and restrictions of the separator framew ork.

De�nition 6.2 A gr aph has a F -bifur c ator either if it has only one no de or if by r emov-

ing at most F of its e dges it c an b e divide d into two sub gr aphs, b oth with F =

p

2 -bifur c ators.

The de�nition of bifurcator implies a w a y to iterativ ely partition the graph so that

in the i th step of this partition pro cess (with i = 0 initially) no more than F =

p

2

i

edges are remo v ed in eac h partition (at the i th step of the partition pro cess w e are

partitioning 2

i

disjoin t graphs.) Sp ecial cases of graphs will b e considered based on

additional restrictions imp osed in this partition pro cess.
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Figure 6.1: Collinear la y out for K (5).

no de u with v ertex degree �

u

is laid out as a rectangle with sides of length at least 
( �

u

).

Under this mo del, the wir e ar e a of a la y out is the n um b er of tiles that hold either a

section of a wire or a wire crossing. The length of a wir e is the n um b er of tiles tra v ersed b y

the wire from its source no de to its destination no de. F or tec hnological reasons [80], the

layout ar e a is de�ned as the area of the smallest rectangle that con tains all the allo cated

tiles of the la y out. This v alue is fully describ ed with the length and the width of this

rectangle. W e assume that the width of a la y out is the length of the shorter side of the

rectangle and the length of the la y out is the length of the longer side. W e also assume

that the rectangle is orien ted in the grid with the longer side horizon tally placed.

Figure 6.1 sho ws a la y out for the 5-no de complete graph, K (5), with la y out area of

77, wire area of 55, width of 7, length of 11, and length of the longest wire of 15.

The area of a la y out strongly determines its fabrication cost. It has b een sho wn that

the larger the area, the smaller the yield of the man ufacturing pro cess [80]. F urthermore,

the reduction of the yield is exp onen tial with the area. Therefore it is in teresting to ha v e

la y outs with the least p ossible area.

In the other side, w e also try to reduce the length of the longest wire in the la y out, since

it imp oses a restriction on the sp eed of the system [80 ]. This is due to the propagation

time of signals from one extreme to the other of the wire, whic h at the pro cessing sp eeds

of a VLSI system is not negligible.

Thompson [77, 78 ] sho w ed that the square of the bisection width is a lo w er b ound on

the wire area of an y net w ork. Leigh ton [41] presen ted the crossing n um b er as an ev en

tigh ter b ound for the wire area. These fact will b e used to obtain lo w er b ounds on the

area for our net w orks.

6.1.2 Separators

In this c hapter w e consider a sp ecial kind of separators, whic h w e denote as \bisectors."



Chapter 6

VLSI La y out Complexit y

This c hapter explores the VLSI la y out complexit y of homogeneous pro duct net w orks.

Here, w e obtain lo w er and upp er b ounds on the area and wire length of la y outs for these

net w orks.

In the follo wing section w e presen t relev an t bac kground for this c hapter. Then w e

presen t the lo w er b ounds obtained. Finally , w e presen t upp er b ounds deriv ed b y using

t w o traditional framew orks, separators and bifurcators, and a new approac h based on

collinear la y outs.

6.1 F oundations

In this section w e start b y de�ning the VLSI la y out mo del used. Then, w e refer to

previous p opular framew orks used to deriv e la y outs under this mo del: separators and

bifurcators. Finally , w e will presen t a sp ecial kind of la y outs (collinear la y outs) that will

b e used in this researc h to obtain e�cien t la y outs for pro duct graphs.

6.1.1 The Thompson's Grid Mo del

The VLSI la y out mo del w e use w as de�ned b y Thompson [77, 78 ]. In this mo del, the

la y out area is divided in to square \tiles" of unit area, placed in a grid fashion. Eac h tile

can hold either a section of wire, a no de, or a wire crossing. The wires of the la y out run

either horizon tally or v ertically on this grid. If t w o wires en ter the same tile they m ust

ha v e di�eren t directions and they cannot c hange direction in the tile.

Observ e that since a no de is assigned to a tile, the no des are not allo w ed to ha v e

more than 4 inciden t wires. When a no de has a degree larger than 4, Thompson has

prop osed to mo del it with a set of adjacen t tiles whose p erimeter is at least the desired

degree. Although the smallest area required to ha v e a p erimeter of �

u

for a no de u has

only O ( �

u

) tiles, it is m uc h more realistic to assume that a no de with v ertex degree �

u

will require area of at least 
( �

u

) � 
( �

u

). In this dissertation w e shall assume that an y

54
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to the square of the n um b er of no des of the input graph. This is the b est time complexit y

kno wn for an y algorithm solving this problem.

In the n � n grid it is kno w an algorithm that �nds the tree in O ( n ) time. If w e

consider n = N

r = 2

, our algorithm tak es O ( r

2

N log N ) time, that is b etter for a large

enough v alue of r .
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F actor net w ork Sorting Summation Matrix m ult. Min. w eigh t sp. tree

L ( N ) O ( r

2

N ) * O ( r N ) * O ( r N ) * O ( r

2

N log N )

T ( N ) O ( r

2

N ) * O ( r log N ) * O ( r log N ) * O ( r

2

log

2

N )

S ( N ) O ( r

2

log

2

N ) O ( r log N ) * O ( r log N ) * O ( r

2

log

2

N )

D ( N ) O ( r

2

log

2

N ) O ( r log N ) * O ( r log N ) * O ( r

2

log

2

N )

Q

1

O ( r

2

) O ( r ) * O ( r ) * O ( r

2

)

T able 5.1: Time complexit y of the presen ted algorithms in sev eral net w orks.

F rom the results presen ted, it can b e observ ed that the time tak en b y the sorting

algorithm in the grid and the pro duct of complete binary trees with b ounded n um b er

of dimensions is O ( N ), whic h is optimal. In Q

r

the algorithm tak es O ( r

2

) time steps,

reac hing the asymptotic b ound of the o dd-ev en merge sorting algorithm in the h yp ercub e.

Although there are asymptotically b etter sorting algorithms for the h yp ercub e [19], they

are not practically useful for reasonable n um b er ( � 2

20

) of k eys.

In other net w orks our sorting algorithm impro v es the computation time tak en b y

alternativ e w a ys of sorting. F or instance, in the pro duct of de Bruijn or sh u�e-exc hange

graphs w e could try to em b ed the N

r

-no de instance of the pure factor graph and use the

sorting algorithm for the factor graph to sort in the pro duct graph. If w e use the o dd-ev en

merge sorting algorithm in the factor graph, this algorithm will tak e O ( r

2

log

2

N ) steps

that ha v e to b e em ulated b y the pro duct graph. Since the em b edding has congestion 
( r ),

the em ulation will not ha v e constan t slo wdo wn, and our algorithm will b e preferable. If w e

consider the n um b er of dimensions b ounded then b oth options presen t same asymptotic

complexit y , but our algorithm has a smaller constan t.

The v alues obtained for the summation algorithm are asymptotically optimal, since

they matc h the lo w er b ound de�ned b y the diameter of the resp ectiv e net w orks.

F or the same reason, the time complexities for matrix m ultiplication are asymptot-

ically optimal. In some cases w e migh t b e p o orly using the amoun t of pro cessors w e

ha v e. F or instance, there are algorithm that can m ultiply larger matrices in the grid

P L

3

( N ) than ours. Ho w ev er, in this case, w e can alw a ys em ulate this net w ork with an y

homogeneous pro duct net w ork if G ( N ) is connected.

F or most of the studied net w ork the matrix m ultiplicati on algorithm p erforms v ery

e�cien tly . The implem en tation in the pro duct of complete binary trees p erforms as

e�cien tly as the algorithm for mesh of trees presen ted in [58 ], while it uses less pro cessors

(4 N

r

� 3 N

r = 3

opp osed to N

r

.) The implem en tation in the h yp ercub e obtains the same

time complexit y as the fastest algorithm for h yp ercub es (in fact b oth algorithms turn

out to b e almost the same.) Again, for pro ducts of sh u�e-exc hange and de Bruijn the

algorithm outp erforms the option of em ulating the b est algorithm for the factor net w ork.

The presen ted complexities for the minim um -w ei gh t spanning tree problem are w orst-

case v alues. In most cases w e obtain that at most w e need a n um b er of steps prop ortional



CHAPTER 5. ALGORITHMS 51

F or the other algorithms, if w e tak e as no de 0 the no de in the cen ter of L ( N ),

then broadcasting, p oin t-to-p oin t comm uni cation, summation, and searc h of the

minim um tak es at most b N = 2 c + 1 steps. Hence, the time to obtain the summation

of N

r

v alues in P L

r

( N ) is r b N = 2 c + 1, the time to m ultiply t w o N

r = 3

� N

r = 3

matrices

is 2 r b N = 2 c = 3 + 1, and the time to obtain the minim um -w eigh t spanning tree of a

N

r = 2

-no de graph is 4 r

2

b N = 2 c log

4 = 3

N + 1.

Pro duct of complete binary trees. F or this net w ork w e can directly apply Corol-

lary 5.1 and obtain that P T

r

( N ) can sort N

r

v alues in O ( r

2

N ) time steps.

If the sp ecial no de 0 is the ro ot of T ( N ), it can do all the required op erations for

the other algorithms in log ( N + 1) steps. W e can obtain, then that the summa-

tion algorithm will tak e r log ( N + 1) � r + 1 time steps in P T

r

( N ), the matrix

m ultiplic ation algorithm will tak e 2 r (log ( N + 1) � 1) = 3 + 1 time steps, and the

minim um -w ei gh t spanning-tree algorithm will tak e 4 r

2

(log ( N + 1) � 1) log

4 = 3

N + 1

time steps.

Pro duct of de Bruijn and sh u�e-exc hange net w orks. W e can sort in their t w o-

dimensional instances b y using the em b eddings of their resp ectiv e factor net w orks,

whic h will b e presen ted in Chapter 7 and ha v e constan t dilation and congestion for

b ounded n um b er of dimensions. Giv en the existence of algorithms to sort n k eys

in an y h yp ercubic net w ork in O (log

2

n ) time, w e can sort b y em ulation N

2

k eys in

a t w o-dimensional pro duct net w ork in O (log

2

N

2

) = O (log

2

N ) time steps. Then,

our algorithm will tak e O ( r

2

log

2

N ) time steps in these net w orks. Again, if r is

b ounded the expression simpli�es to O (log

2

N ).

The diameter of S ( N ) is 2 log N � 1 and the diameter of D ( N ) is log N . This v alue

plus one is the time that an y of the op erations required b y the other algorithms

require. Then w e obtain that their pro duct tak e, resp ectiv ely , r (2 log N � 1) + 1 and

r log N + 1 time steps to obtain the summation of N

r

v alues, 2 r (2 log N � 1) = 3 + 1 and

2 r log N = 3 + 1 time steps to m ultiply t w o matrices, and 4 r

2

(2 log N � 1) log

4 = 3

N + 1

and 4 r

2

log N log

4 = 3

N + 1 to �nd the minim um -w ei gh t spanning tree of a graph.

Hyp ercub e. F rom the ab o v e analysis of the grid, and giv en that for the h yp ercub e

N = 2, the time to sort in Q

r

with our algorithm is O ( r

2

).

Similarly , the time to broadcast, comm unicate, p erform a summation, or �nd the

minim um in the factor graph is 2 time steps. That yields r + 1 time steps to p erform

the summation, 2 r = 3 + 1 time steps to m ultiply matrices, and 4 r

2

log

4 = 3

2 + 1 time

steps to �nd the minim um -w eigh t spanning tree of a graph in Q

r

.

T able 5.1 summarizes the results deriv ed in asymptotic form. The time complexities

of the sorting algorithm mark ed with \*" are optimal if the n um b er of dimensions is

b ounded. The time complexitie s of summations and matrix m ultiplic ations are optimal,

and are also mark ed with \*".
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� Send w ( i ) and L

0

( i ) to the column ro ot (0 ; i ).

And the v alue of P ( i ) is obtained as follo ws.

� Multicast the v alues w ( i ) and L

0

( i ) from the ro w ro ots ( i; 0) to ev ery ( i; j ).

� Select no des ( i; j ) suc h that L ( i ) = L ( j ). These v alues w ere already in the no des

from the ab o v e pro cess.

� Compute the minim um w eigh t of the v alues w ( i ) from the selected no des in the

column ro ot (0 ; j ). Mak e P ( j ) equal to the asso ciated v alue L

0

( i ) receiv ed.

� Send P ( j ) to the ro w ro ot ( j; 0).

The analysis of the time steps tak en b y the whole pro cess follo ws. In the pro cess of

obtaining L

0

( i ) w e need to do a m ulticast in a P G

r = 2

( N )-subgraph, the computation of

a minim um in a P G

r = 2

( N )-subgraph, and the comm unic ation b et w een column and ro w

ro ots. Therefore, this �rst pro cess tak es

r

2

( B ( N ) + M ( N ) + 2 C ( N )).

The computation of P ( i ) is similar and tak es same amoun t of time. Adding these

times with the p oin ter jumpings, the total time tak en b y the set of steps describ ed ab o v e

is:

r ( B ( N ) + M ( N ) + 2 C ( N )) + r ( B ( N ) + 3 C ( N )) = r (2 B ( N ) + 5 C ( N ) + M ( N ))

It is sho wn in [42 , pp. 336-338] that this set of steps is rep eated at most log

4 = 3

n =

log

4 = 3

N

r = 2

times. Therefore, the total time tak en b y the algorithms is:

r

2

2

log

4 = 3

N (2 B ( N ) + 5 C ( N ) + M ( N ))

5.6 Application to Sp eci�c Net w orks

Here w e obtain the time tak en b y the presen ted algorithms in sev eral pro duct net w orks.

These times are subsequen tly compiled in T able 5.1.

Since the concatenation of execution of sev eral algorithms for the factor graph sa v es

us some steps in the computation, w e will apply a small tric k to obtain the actual v alue

of the time steps tak en b y an algorithm. W e will consider in the form ulas the v alue of

B ( N ), �( N ), C ( N ), and M ( N ) one unit less than its actual v alue and w e will add a unit

to the �nal result obtained.

Grid. Sc hnorr and Shamir [67 ] sho w ed that it is p ossible to sort N

2

k eys in a 2-

dimensional grid P L

2

( N ) in O ( N ) time steps. This v alue of S

2

( N ) implies that our

sorting algorithm will tak e O ( r

2

N ) time steps to sort N

r

k eys in P L

r

( N ). If w e

consider the n um b er of dimensions r b ounded, this expression simpli�es to O ( N ).
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5.5.2 The Minim um -W ei gh t Spanning-T ree Algorithm

W e will presen t no w the algorithm in detail. The logic and the terminology is similar to

that used in [42 , pp. 325-338]. W e will refer there for some of the details of the algorithm.

The algorithm w orks b y grouping the no des of the graph in sets, denoted as sup ern-

o des . Then, it iterativ ely searc hes the minim um -w e igh t edge inciden t to ev ery sup erno de,

adds those edges to the list of edges of the tree, and joins the sup erno des connected b y

these edges. Initially , the set of sup erno des is simply the set of no des of the graph.

In the minim um -w ei gh t spanning-tree algorithm w e use an algorithm to �nd the

minim um v alue of a set of v alues placed in the no des of a pro duct graph P G

k

( N ). This

problem is similar in structure to the summation problem, and the summation algorithm

can b e easily mo di�ed to obtain an algorithm for this problem. Then, if there is an

algorithm to �nd the minim um in G ( N ) in M ( N ) time, w e can �nd the minim um in

P G

k

( N ) in k M ( N ) time.

In the ph ysical implem en tation of the minim um -w ei gh t spanning-tree algorithm, eac h

no de ( i; j ) holds the w eigh t w

i;j

. Eac h (ro w and column) ro ot ( i; 0) and (0 ; i ) has a v alue

L ( i ) that is the iden ti�er of the sup erno de to whic h no de i b elongs. This v alue is the

smallest lab el of the no des of the sup erno de. Additionally , eac h ro ot will manipulate

other v alues (for instance P ( i ), L

0

( i ), or P

0

( i ).)

Initially , the v alue L ( i ) = i and P

0

( i ) = i . The algorithm rep eats the follo wing set

of steps for eac h no de i un til all the no des b elong to the same sup erno de (all the v alues

L ( i ) are equal.)

� If the sup erno de is \a v ailable", obtain L

0

( i ) and P ( i ).

� Execute one step of p oin ter jumping to obtain P

0

( i ) = P ( P ( i )).

� If P

0

( i ) = i and P ( i ) > i then i is the smallest lab el in the new sup erno de and w e

mak e P ( i ) = i .

� Execute one step of p oin ter jumping to obtain P ( L ( i )) and mak e it the new v alue

L ( i ).

W e need to detail the �rst step a little more. W e sa y that a sup erno de is available if

and only if P ( i ) = i and P

0

( j ) = i ) L ( j ) = i , for all j .

The v alue L

0

( i ) is obtained as follo ws.

� Multicast the v alue L ( i ) from ( i; 0) to ev ery ( i; j ) and from (0 ; i ) to ev ery ( j; i ), for

i; j = 0 ; :::; N

r = 2

� 1.

� Select no des ( i; j ) suc h that L ( i ) 6= L ( j ). These are the t w o v alues receiv ed from

the ro w and column ro ots.

� Compute the minim um of the w eigh ts w ( i ) of the selected no des ( i; j ) and its

asso ciated v alue L ( j ) in ( i; 0), for i = 0 ; :::; N

r = 2

� 1. Mak e L

0

( i ) equal to the v alue

L ( j ) receiv ed.
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with the algorithm describ ed in Section 5.2.1. It is easy to see that these comm unic ations

follo w edge-disjoin t paths.

In the heart of the algorithm there is a pro cess that w e will call \p oin ter jumping."

5.5.1 P oin ter-Jum ping Algorithm

Let the no des ( i; 0) and (0 ; i ) b oth con tain v alues X ( i ) and Y ( i ). The p oin ter jumping

pro cess computes eac h v alue Z ( i ) = X ( Y ( i )) and lea v es it in b oth ( i; 0) and (0 ; i ),

for i = 0 ; :::; N

r = 2

� 1. This is a k ey op eration of the minim um -w ei gh t spanning-tree

algorithm.

The pro cess is done in three basic steps.

1. Sim ultaneously , m ulticast the v alue X ( i ) from ( i; 0) to eac h no de ( i; k ) and the v alue

Y ( j ) from (0 ; j ) to eac h no de ( k ; j ), for eac h i; j; k = 0 ; :::; N

r = 2

� 1. T o do so w e

use the broadcasting algorithm presen ted in Section 5.2.2 in P G

r = 2

( N )-subgraphs

of P G

r

( N ). The t w o m ulticast op erations are applied to di�eren t dimensions and,

hence, there will b e no con ten tion. Eac h of them is actually the broadcasting in

sev eral disjoin t copies of P G

r = 2

( N ).

2. Select the no de ( l ; j ) suc h that l = Y ( j ), for eac h j = 0 ; :::; N

r = 2

� 1. The se-

lected no de ( l ; j ) sends the v alue receiv ed from the ro w ro ot to the column ro ot

(0 ; j ), for eac h j = 0 ; :::; N

r = 2

� 1. This can b e done with m ultiple p oin t-to-p oin t

comm unic ations in disjoin t P G

r = 2

( N )-subgraphs of P G

r

( N ).

3. Finally , eac h column ro ot (0 ; j ) sends the obtained v alue Z ( j ) to its corresp onding

ro w ro ot ( j; 0), for eac h j = 0 ; :::; N

r = 2

� 1.

The time tak en b y the p oin ter-jumping algorithm can b e obtained v ery simply . If

the time to broadcast in G ( N ) from the no de 0 is denoted as B ( N ), then step 1 tak es

r

2

B ( N ), since it is a m ulticasting in P G

r = 2

( N ) subgraphs.

If C ( N ) is the maxim um time tak en b y a p oin t-to-p oin t comm unication algorithm

b et w een the no de 0 and an y other no de in G ( N ), from the p oin t-to-p oin t algorithm

presen ted in Section 5.2.2 w e see that the p oin t-to-p oin t comm uni cation time b et w een a

ro ot (0 ; i ) and an y other no de ( k ; i ) of its column is at most

r

2

C ( N ). Similarly , the time

of a p oin t-to-p oin t comm unic ation b et w een a ro ot of a ro w and a ro ot of a column is at

most r C ( N ).

Therefore, step 2 tak es time

r

2

C ( N ) and step 3 tak es time r C ( N ). The total time

tak en b y this algorithm is, then,

r

2

B ( N ) +

r

2

C ( N ) + r C ( N ) =

r

2

( B ( N ) + 3 C ( N ))
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After this pro cess, eac h no de ( i; k ; j ) con tains the v alues a

i;k

and b

k ;j

, and it can

compute the pro duct of these v alues. All it remains to do is to add these v alues to obtain

c

i;j

. This is done b y using the summation algorithm describ ed in the previous section, to

add all the pro ducts held in no des ( i; k ; j ), for k = 0 ; :::; N

r = 3

� 1, in to the no des ( i; 0 ; j ),

for i; j = 0 ; :::; N

r = 3

� 1. This pro cess is done b y applying the summation algorithm to

disjoin t copies of P G

r = 3

( N ), subgraphs of P G

r

( N ).

A t the end of this pro cess the pro duct has b een computed. The elemen t c

i;j

of C is

held in no de ( i; 0 ; j ).

The total time tak en b y the execution of the algorithm dep ends on the time required

b y a broadcasting in G ( N ) and a summation in G ( N ). Let B ( N ) b e the time to broadcast

in G ( N ) from the no de 0, and �( N ) the time to obtain the summation in G ( N ) in to

the no de 0. F rom the ab o v e sections, w e kno w that the time to broadcast from 0 ::: 0 in

P G

k

( N ) is k B ( N ), and the time to obtain the summation in to 0 ::: 0 is k �( N ).

Therefore, to m ulticast the v alues of the matrices A and B to all the no des tak es

r

3

B ( N ) time and to compute the elemen ts of C tak es

r

3

�( N ) time. The total time tak en

b y the algorithm is, hence,

r

3

( B ( N ) + �( N )) :

Clearly , the algorithm can b e used to m ultiply non-square matrices. The c hoice of

dividing the lab els of the P G

r

( N )-no des in to three equal-length subtuples simpli�es the

analysis, but is not mandatory . The division of the lab els can b e done in suc h a w a y that

it adapts the b est to the sp eci�c dimensions of the matrices.

5.5 Minim um -W eigh t Spanning-T ree Algorithm

In this section w e solv e the problem of �nding the minim um -w ei gh t spanning-tree in

a graph describ ed b y its w eigh t matrix W . Let us assume the no des of the graph are

lab eled from 0 to a v alue n � 1. The matrix W will ha v e dimensions n � n and its elemen t

w

i;j

is the w eigh t of the edge connecting no de i to no de j .

As w e did in the previous section w e assume that the set of no des of G ( N ) is f 0 ; :::; N �

1 g . The maxim um distance from a no de to all the others is minim um for the no de 0 and,

therefore, the broadcasting time in G ( N ) from 0 is minim um .

W e assume that the n um b er of dimensions of the pro duct net w ork, r , is ev en. Then,

w e divide eac h tuple of a no de of P G

r

( N ) in to t w o subtuples of equal length, eac h seen

as a N -ary n um b er. Hence, w e see the no des of P G

r

( N ) as lab eled with a pair of v alues

( i; j ), where i; j = 0 ; :::; N

r = 2

� 1. Initially , no de ( i; j ) holds the elemen t w

i;j

of the w eigh t

matrix W .

W e call the no de ( i; 0) the \ro ot" of \ro w" i , for i = 0 ; :::; N

r = 2

� 1. Similarly , w e call

(0 ; j ) the ro ot of \column" j , for j = 0 ; :::; N

r = 2

� 1. It will b e v ery common to transfer

information b et w een the ro ot of the ro w i , ( i; 0), and the ro ot of the column i , (0 ; i ), for

i = 0 ; :::; N

r = 2

� 1. This can b e done with sim ultaneous p oin t-to-p oin t routings obtained
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lems ha v e a similar structure as the summation problem (obtaining the maxim um , the

minim um , etc.) Algorithms for these problems can b e obtained with straigh tforw ard

mo di�cations of the summation algorithm presen ted here. F or instance, in Section 5.5

w e use an algorithm to obtain the minim um of a set of v alues that is assumed to ha v e

the same structure as the presen ted summation algorithm.

5.4 Matrix-Multiplication Algorithm

This section is dev oted to presen t an algorithm to p erform the pro duct of t w o n � n

matrices in a n

3

-no de net w ork. Let A and B b e the matrices to b e m ultipli ed, then w e

w an t to obtain an algorithm that computes a pro duct matrix C . If a

i;k

are the elemen ts

of matrix A , and b

k ;j

are the elemen ts of matrix B , for i; k ; j = 0 ; :::; n � 1, then the

elemen t c

i;j

of C is obtained as

c

i;j

=

n � 1

X

k =0

a

i;k

b

k ;j

Let �rst in tro duce notation that will simplify the presen tation. F or the sak e of sim-

plicit y , w e will assume that the set of v ertices of the graph G ( N ) is f 0 ; :::; N � 1 g . The

time tak en b y a broadcasting in G ( N ) is assumed to b e minim um if started from no de

0 and, similarly , the time tak en b y a summation is assumed to b e minim um if the �-

nal result is held in no de 0. Then, the time tak en b y the broadcasting from, and the

computation of the summation in to, the no de 0 ::: 0 is minim um in P G

r

( N ).

W e also assume that the n um b er of dimensions of the pro duct graph P G

r

( N ) is a

m ultiple of 3. Then, the lab el of eac h no de of P G

r

( N ) is a tuple of length m ultiple of 3,

where eac h sym b ol of the tuple is b et w een 0 and N � 1.

W e divide no w eac h of the tuples in to three subtuples of same length. Then, eac h

no de is considered lab eled with a triple of subtuples, eac h of length r = 3. Eac h subtuple

is a sequence of sym b ols b et w een 0 and N � 1 and, therefore, can b e considered as a

N -ary n um b er that, in decimal, has a v alue b et w een 0 and N

r = 3

� 1.

Therefore, b y the ab o v e pro cess, w e ha v e eac h no de of P G

r

( N ) lab eled with a triple

of v alues ( i; k ; j ), where i; k ; j 2 f 0 ; :::; N

r = 3

� 1 g . Observ e that t w o no des with t w o of

the elemen ts i , k , j , equal are in a same P G

r = 3

( N )-subgraph of P G

r

( N ).

Then, w e assume that the elemen t a

i;k

of the matrix A is initially held in no de

( i; k ; 0) and the elemen t b

k ;j

of the matrix B is initially held in the no de (0 ; k ; j ), for

i; k ; j = 0 ; :::; N

r = 3

� 1.

The algorithm starts b y sim ultaneously m ulticasting in the appropriate P G

r = 3

( N )

subgraphs the v alues of the elemen ts of A and B . Then, a

i;k

is sen t from no de ( i; k ; 0)

to all the no des ( i; k ; j ), for j = 0 ; :::; N

r = 3

� 1. Sim ultaneously , the v alue b

k ;j

is sen t

from no de (0 ; k ; j ) to all the no des ( i; k ; j ), for i = 0 ; :::; N

r = 3

� 1. T o do so w e use the

broadcasting algorithm presen ted in Section 5.2.2. Since di�eren t dimensions are used in

eac h m ulticasting, no con ten tion can b e observ ed in the net w ork.
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5.2.2 Broadcasting Algorithm

Similarly , a broadcasting algorithm for P G

r

( N ) can b e simply deriv ed from a broadcast-

ing algorithm for G ( N ). The algorithm c ho oses an order in the dimensions and applies

the broadcasting in eac h of the G ( N )-subgraphs of eac h dimension in that order. Then,

if w e w an t to broadcast from the no de x = x

r

:::x

1

to all the no des of P G

r

( N ) b y us-

ing the dimensions in descending order, w e �rst broadcast from x to all the no des in

its dimension- r G ( N )-subgraph. Then, w e broadcast from all the no des of this G ( N )-

subgraph to all the no des in their dimension-( r � 1) G ( N )-subgraphs, and so on.

Again, if the broadcasting algorithm for G ( N ) tak es optimal time, then this algorithm

also tak es optimal time.

5.3 Summ ation Algorithm

Here w e presen t an algorithm to compute the summation of a set of N

r

v alues in P G

r

( N ).

Initially , eac h v alue is in a di�eren t no de of the net w ork. A t the end of the execution

of the algorithm the v alue of the summation will b e obtained in one giv en no de of the

net w ork.

W e initially assume the existence of a summation algorithm for G ( N ). This algorithm

computes the summation of the N v alues held in the N no des of the net w ork in �( N )

time steps, and lea v es the result in a giv en no de u of G ( N ).

Our algorithm applies the algorithm for G ( N ) to the G ( N )-subgraphs in eac h di-

mension in some order. After this pro cess, the desired v alue will b e held in the no de

x = x

r

:::x

1

, where x

i

= u for i = 1 ; :::; r . Since w e apply r times the summation algo-

rithm for G ( N ), the time tak en b y this algorithm is r �( N ).

W e can simply observ e that the algorithm actually computes the desired summation.

If w e consider the dimensions in ascending order, w e �rst apply the summation algorithm

to all the dimension-1 G ( N )-subgraphs. Then, after this step eac h no de y

r

:::y

2

u will

con tain the summation of v alues of the corresp onding dimension-1 G ( N )-subgraph. W e

can then apply the summation algorithm to eac h dimension-2 G ( N )-subgraph in the u th

P G

1

r

( N ) subgraph of P G

r

( N ). In this step the summations obtained in the previous step

are added up. A t the end of this step eac h no de y

r

:::y

3

uu will con tain the summation of

the v alues of a di�eren t P G

1 ; 2

r

( N ) subgraph.

W e apply this pro cess to eac h dimension. In the i th step w e apply the summation

algorithm for G ( N ) to eac h dimension- i G ( N )-subgraph of the ( u; :::; u )th P G

1 ;:::;i

r

( N )

subgraph of P G

r

( N ). A t the end of this step eac h no de y

r

:::y

i +1

u:::u will con tain the

summation of the v alues of a di�eren t P G

1 ;:::;i

r

( N ) subgraph of P G

r

( N ).

After r steps as presen ted, the summation of all the v alues will b e obtained in the no de

u:::u . All the computation p erformed has b een the execution r times of the summation

algorithm for G ( N ) and, therefore, the total execution time of the algorithm is r �( N ).

This algorithm will b e used in the follo wing section. Observ e that sev eral prob-
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Third, it is alw a ys p ossible to obtain an algorithm for P G

2

( N ) with complexit y O ( N ),

giv en that G ( N ) is connected. T o do so w e simply em ulate the 2-dimensional grid in

P G

2

( N ) b y em b edding the linear arra y on to eac h G ( N ) subgraph as sho wn in Theorem

3.15 of [42] . Since this em b edding has constan t dilation and congestion, the em ulation

has constan t slo wdo wn [37]. Therefore, the O ( N )-complexit y algorithm presen ted b y

Sc hnorr and Shamir [67] can b e em ulated b y P G

2

( N ) with complexit y O ( N ). Hence,

an y arbitrary N

r

-no de r -dimensional pro duct net w ork can sort with complexit y O ( r

2

N ).

The com bination of these three results yields the pro of of the corollary .

This corollary will b e used in Section 5.6 to obtain the time complexit y of this algo-

rithm in sev eral pro duct net w orks.

5.2 Routing Algorithms

Man y routing algorithms ha v e b een already presen ted for pro duct net w orks. These algo-

rithms co v er most of the routing needs of a net w ork under the SIMD mo del of computa-

tion. Therefore, w e will not presen t new routing algorithms in this section and w e refer

the in terested reader to the sp eci�c source (see Section 1.2.)

Ho w ev er, to simplify the reference, w e brie
y presen t here t w o of the simplest algo-

rithms, presen ted in [86 ]. These algorithms p erform p oin t-to-p oin t comm uni cation and

broadcasting in the pro duct net w ork, resp ectiv ely , and they will b e used in the follo wing

sections.

5.2.1 P oin t-to-P oin t Routing Algorithm

If w e assume the existence of a p oin t-to-p oin t routing algorithm for G ( N ) the p oin t-

to-p oin t routing algorithm in P G

r

( N ) from a no de x to a no de y simply applies the

algorithm for G ( N ) to eac h dimension in whic h x and y di�er, in some arbitrary order.

F or instance, if x = x

r

:::x

1

and y = y

r

:::y

1

di�er in ev ery sym b ol p osition and the

algorithm is applied to the dimensions in descending order, then the path from x to y

will b e as follo ws:

x ! y

r

x

r � 1

:::x

1

! ::: ! y

r

:::y

2

x

1

! y

Where the i th arro w represen ts the path de�ned b y the algorithm for G ( N ) in the

corresp onding dimension- i G ( N )-subgraph from x

i

to y

i

, for i = 1 ; :::; r .

It is easy to see that, if the algorithm for G ( N ) yields a shortest path, this algorithm

also yields the shortest path b et w een an y to no des of P G

r

( N ). This fact follo ws from

Observ ation 2.2, that implici tly states that the tra v ersal of an edge in P G

r

( N ) c hanges

only one of the sym b ol p ositions of the no de lab els.
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Therefore, the v alue of M

k

( N ) can b e recursiv ely expressed as:

M

k

( N ) = M

k � 1

( N ) + 2 S

2

( N ) + 4 R ( N )

with initial condition

M

2

( N ) = S

2

( N )

that yields

M

k

( N ) = 2( k � 2) S

2

( N ) + 4( k � 2) R ( N ) + S

2

( N )

W e can no w deriv e the v alue of S

r

( N ).

Theorem 5.1 Sorting N

r

keys in P G

r

( N ) takes S

r

( N ) = ( r � 1)

2

S

2

( N ) + 2( r � 1)( r �

2) R ( N ) time steps.

Pro of: The time tak en to sort N

r

k eys in P G

r

( N ) is the time tak en to sort eac h 2-

dimensional subgraph P G

1 ;:::;r � 2

r

( N ) and then merge blo c ks of N sorted sequences in to

increasing n um b er of dimensions. The expression of this time is as follo ws:

S

r

( N ) = S

2

( N ) + M

3

( N ) + M

4

( N ) + ::: + M

r � 1

( N ) + M

r

( N )

= ( r � 1) S

2

( N ) + (2 S

2

( N ) + 4 R ( N ))

r

X

i =3

( i � 2)

= ( r � 1)

2

S

2

( N ) + 2( r � 1)( r � 2) R ( N )

The follo wing corollary presen ts the asymptotic complexit y of the algorithm. Since

S

2

( N ) ma y not b e easy to obtain for an arbitrary net w ork, the corollary uses upp er

b ounds on this parameter to obtain expressions of the complexit y only dep enden t on

S ( N ).

Corollary 5.1 The time c omplexity of sorting N

r

keys in P G

r

( N ) is at most O ( r

2

min fS

2

( N ) ; S ( N ) log N ; N g ) .

Pro of: First, since the v alue S

2

( N ) is nev er smaller than R ( N ), the time obtained in

Theorem 5.1 is S

r

( N ) = O ( r

2

S

2

( N )).

Second, it is trivial to obtain a sorting algorithm for P G

2

( N ) that tak es O ( S ( N )

log N ) time steps, b y simply generalizing the algorithm presen ted for the grid in [65] and

[66]. This yields that, at w orse, our algorithm has complexit y O ( r

2

S ( N ) log N ) for an y

arbitrary net w ork.
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Step 2 can b e simply implem e n ted b y selectiv ely p erm uting the obtained subsequences

along dimension 1. There are sev eral p ossibilities for this p erm utation that are v alid. W e

ha v e presen ted one in the previous section. F ollo wing this option, the k ey in no de x

r

:::x

3

j i

will b e routed to the no de x

r

:::x

3

j (( i + j ) mod N ). It can b e easily seen that this resp ects

the condition of eac h ro w ha ving one subsequence from eac h of the original sequences

and one subsequence B

i;N � 1

. No w eac h P G

1

r

( N ) subgraph con tains one subsequence from

eac h original sequence.

The ab o v e routing has placed eac h subsequence in a di�eren t P G

1 ; 2

r

( N ) subgraph,

eac h sorted in snak elik e order. W e can recursiv ely merge these sequences in to a sorted

sequence of N

r � 1

k eys. If the n um b er of dimensions is r � 1 = 2, this step is done b y

directly sorting with an algorithm for P G

2

( N ). In the pro of of Corollary 5.1 w e presen t

w a ys to obtain suc h an algorithm if it is not already a v ailable.

Step 4 is directly done b y considering the dimension 1 of P G

r

( N ) in the order.

No mo v em en t of data is in v olv ed in this step and w e obtain a sequence sorted almost

completely .

The cleaning of the dirt y area is done as describ ed in ab o v e sections. W e tak e eac h

2-dimensional subgraph P G

3 ;:::;r

r

( N ) and sort the k eys in it using alternate orders in

consecutiv e subgraphs (order dep ends on whether p

3

( x ) is either o dd or ev en.) W e then

p erform t w o steps of o dd-ev en transp osition. In the �rst step w e mak e the no des with

p

3

( x ) o dd exc hange, if appropriate, their k ey with the corresp onding no de (same no de) in

the predecessor 2-dimensional subgraph and those with p

3

( x ) ev en with the corresp onding

no de in the successor 2-dimensional subgraph. In the second step the no des with p

3

( x )

o dd exc hange with the successor and those with p

3

( x ) ev en exc hange with the predecessor.

A �nal sorting on eac h of the 2-dimensional subgraph ends the merge pro cess.

Analysis of Time Complexit y

T o analyze the time tak en b y the algorithm w e will initially study the time tak en b y the

merge pro cess in a k -dimensional net w ork. This time will b e denoted as M

k

( N ).

Lemma 5.3 Mer ging N sorte d se quenc es of N

k � 1

keys e ach in P G

k

( N ) takes M

k

( N ) =

2( k � 2) S

2

( N ) + 4( k � 2) R ( N ) + S

2

( N ) time steps.

Pro of: The time tak en b y step 1 of the merge pro cess is just the time to rev erse the order

of the k eys in a G ( N )-subgraph. This pro cess can b e done with a p erm utation routing in

G ( N ), that tak es time R ( N ). Similarly , step 2 can b e done with a p erm utation routing

along dimension 1.

Step 3 is a recursiv e call to the merge pro cedure for k � 1 dimensions and, hence, will

tak e M

k � 1

( N ) time. Step 4 do es not tak e an y computation time. Finally , step 5 tak es

the time of one sorting in P G

2

( N ), t w o p erm utation routings in G ( N ), and one more

sorting in P G

2

( N ).
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In this section w e assume G ( N ) b e a connected graph, with v ertex set f 0 ; 1 ; :::; N � 1 g

and arbitrary edge set. F or an arbitrary factor graph G ( N ), v ertex lab els can de�ne the

ascending order of data when sorted. Ho w ev er w e need to de�ne an order in the no des

of P G

r

( N ), whic h will determine the �nal lo cation of the sorted k eys. The order de�ned

is kno wn as \snak elik e" order. F or one dimension it is simply the order de�ned in G ( N ),

from 0 to N � 1. Giv en an order for the no des of P G

k � 1

( N ), the order for P G

k

( N ) is

de�ned as follo ws: if u < v then an y no de in the u th subgraph P G

k

k

( N ) precedes an y

no de in the v th subgraph P G

k

k

( N ). If u = v then the u th subgraph P G

k

k

( N ) has the

same order de�ned as P G

k � 1

( N ) if u is ev en, and rev erse order if u is o dd.

The order de�ned guaran tees sev eral prop erties:

� An y t w o consecutiv e no des alw a ys b elong to a common G ( N ) subgraph.

� Let x = x

r

:::x

i +1

x

i

x

i � 1

:::x

1

, where x

i

< N � 1, b e a v ertex of P G

r

( N ) and let

p

j

( x ) =

P

r

k = j

x

k

. Then, x precedes x

r

:::x

i +1

( x

i

+ 1) x

i � 1

:::x

1

if and only if p

i +1

( x )

is ev en.

� Tw o consecutiv e P G

r � k ;:::;r

r

( N ) subgraphs of P G

r

( N ), for k = 1 ; :::; r � 1, ha v e

rev erse orders.

In the rest of this section w e presen t the sorting algorithm for P G

r

( N ). The heart

of the algorithm resides in the m ultiw a y-m erge pro cess that tak es N sorted sequences,

placed in the N subgraphs P G

1

k

( N ) and com bines them in to one sorted sequence in

P G

k

( N ). T o do so, recursiv e calls to the merge pro cess are used when necessary .

Once the merge pro cess is a v ailable, the sorting is done b y initially sorting sequences

of N

2

elemen ts placed in the P G

1 ;:::;r � 2

r

( N ) subgraphs and iterativ ely merging groups of

N sequences in larger sequences un til only one sorted sequence remains. The reason for

starting the iteration with sequences of length N

2

instead of N is in the nature of the

merge pro cess, since sorting them is faster than applying the merge step once more.

Impleme n tation of the Multiw a y-Merge Algorithm in P G

r

( N )

No w w e presen t in detail the impleme n tation of the m ultiw a y-m erge algorithm in P G

r

( N ).

The initial scenario is N sequences, of N

r � 1

k eys eac h, sorted in the N subgraphs

P G

1

r

( N ).

Step 1 of the merge pro cess is done as follo ws. Rev erse the order of eac h dimension-2

G ( N )-subgraph suc h that p

3

( x ) is o dd. This mak es all the dimension-2 G ( N )-subgraphs

sorted in non-decreasing order. After this pro cess eac h P G

1

r

( N ) subgraph is a snak elik e-

order sorted sequence of N -k ey sequences, eac h sorted in non-decreasing order. Then,

the sequence can b e divided in N subsequences b y just �xing the second dimension to a

v alue j , for j = 0 ; :::; N � 1. The sequence B

i;j

is then con tained in the ( i; j )th subgraph

P G

1 ; 2

r

( N ) and is already sorted in snak elik e order.
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One of the o dd-ev en transp ositions will not a�ect this distribution, while the other

is going to mo v e zero es from the second sequence to the �rst and ones from the �rst to

the second. Dep ending on whether there are more zero es than ones or vice-v ersa in these

t w o sequences, after these t w o steps H

i

is �lled with zero es or H

i +1

is �lled with ones,

resp ectiv ely (see Figure 5.6.(c).) Therefore, only one sequence con tains zero es and ones

com bined. The last step of sorting will sort this sequence and the whole sequence J will

b e sorted (see Figure 5.6.(d).)

5.1.3 Sorting Algorithm

Using the ab o v e algorithm, and an algorithm to sort sequences of length N

2

, it is v ery

simple to obtain a sorting algorithm to sort a sequence of length N

r

, for r � 2.

First divide the sequence in subsequences of length N

2

and sort eac h subsequence

using the kno wn algorithm. Then, iterativ ely apply the follo wing pro cess un til only one

sequence remains:

� Group all the sorted sequences obtained in sets of N sequences.

� Merge the sequences in eac h set in to a larger sorted sequence using the algorithm

sho wn in the previous section.

In the next section w e sho w ho w to implem e n t this algorithm in an y homogeneous

pro duct net w ork and w e study the time complexit y of the resultan t general sorting algo-

rithm.

5.1.4 Imple m en tati on in Homogeneous Pro duct Net w orks

The purp ose of this section is to obtain a general result of the form: \if the graph G ( N )

can sort N k eys in f ( N ) time, then P G

r

( N ) can sort N

r

k eys in g ( N ) time." Once w e

obtain suc h a general result, w e will then b e able to tune the general algorithm for sp eci�c

instances of pro duct net w orks. Th us, it is reasonable to initially assume that there exists

a sorting algorithm for G ( N ). F or example, since the h yp ercub e Q

r

is nothing but the

r -dimensional pro duct of 2-no de linear arra ys, the assumed sorting algorithm consists of

a single step of compare-exc hange op eration. F or other factor graphs, suc h as pro ducts

of de Bruijn graphs, w e can use the w ell-kno wn Batc her's algorithm to sort the N v alues.

In the rest of this pap er, the time complexit y of this sorting algorithm will b e denoted as

S ( N ). Similarly , w e assume the existence of a p erm utation routing algorithm that tak es

R ( N ) time steps to execute an y p erm utation in G ( N ).

Before the sorting algorithm starts, eac h no de of P G

r

( N ) holds one of the k eys to

b e sorted, and during and after the sorting only one k ey will b e held in eac h no de. The

time tak en to sort in P G

r

( N ) will b e denoted S

r

( N ).
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for a window of keys of length at most ( N � 1) N .

Pro of: Let z

i

b e the n um b er of zero es in sequence A

i

, for i = 0 ; :::; N � 1. The rest

of elemen ts in A

i

are ones. Step 1 breaks eac h sequence A

i

in to N subsequences B

i;j

,

j = 0 ; :::; N � 1. Giv en the nature of this pro cess, the n um b er of zero es in a subsequence

B

i;j

is b z

i

= N c + f

j

( z

i

), where f

j

( x ) = 1 if and only if x mod N > j . Observ e that

f

N � 1

( x ) = 0 for an y x .

After recom bining the subsequences as de�ned in step 2, eac h ro w i , for i = 0 ; :::; N � 1,

has one subsequence from eac h of the original sequences. Also in eac h ro w there is a

sequence of the form B

j;N � 1

, whose asso ciated f function has a v alue f

N � 1

( z

j

) = 0.

Hence, the total n um b er of zero es in the sequences of one ro w is b z

1

= N c + b z

2

= N c + ::: +

b z

N

= N c + g

i

, where g

i

is the summation of the v alues of f functions of the subsequences,

and therefore can v ary from 0 to N � 1. Step 3 places all these zero es at the b eginning

of a new sequence C

i

.

In step 4 w e in terlea v e the N sorted sequences in to D b y taking one k ey from eac h

sequence C

i

at the time. An y t w o sequences C

i

can di�er in at most N � 1 zero es, since

g

i

can only v ary from 0 to N � 1, for i = 0 ; :::; N � 1. Since the in terlea ving starts taking

one k ey from the C

0

and ends with C

N � 1

, the w orst case will o ccur when g

0

= 0 and

g

N � 1

= N � 1. In this case w e will ha v e a distance of ( N � 1) N b et w een the �rst 1 and

the last 0, whic h de�nes the unsorted (dirt y) area in the sequence D .

The w orst case after step 4 is sho wn in Figure 5.5. In this �gure, after z = b z

1

= N c +

b z

2

= N c + ::: + b z

N

= N c columns of zero es w e see that C

0

has g

0

= 0, while the last sequence

C

N � 1

has g

N � 1

= N � 1. That yields a dirt y area that spans along N � 1 columns of N

k eys eac h, as sho wn.

No w w e can sho w ho w the last step actually cleans the dirt y area in the sequence.

Lemma 5.2 The se quenc e J , obtaine d after the c ompletion of step 5, is sorte d.

Pro of: W e kno w that the dirt y area of the sequence D , obtained in step 4, has at most

length ( N � 1) N . If w e divide the sequence D in consecutiv e subsequences of N

2

k eys,

E

i

, the dirt y area can either �t in exactly one of these subsequences or b e distributed

b et w een t w o adjacen t subsequences.

If the dirt y area �ts in one subsequence E

i

, after the initial sorting and the o dd-ev en

transp ositions the sequence H

j

con tains exactly the same k eys than the sequence E

j

, for

j = 0 ; :::; N

r � 2

. Then, the last sorting in eac h sequence H

j

and the �nal concatenation

yield a sorted sequence J .

Ho w ev er, if the dirt y area is distributed b et w een t w o adjacen t subsequences E

i

and

E

i +1

, w e ha v e t w o subsequences with zero es and ones com bined. Figure 5.6.(a) presen ts

an example of this initial situation. After the �rst sorting, the zero es are lo cated in one

side in sequence F

i

and in the other side in sequence F

i +1

(see Figure 5.6.(b).)
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(b) (c) (d)(a)

N
EE E E F F F F H H H H 20 1 2 3 0 1 2 3 0 1 2 3

Figure 5.6: Clearing of the dirt y area.

This step is illustrated in Figure 5.6. In this �gure w e tak e groups of N adjacen t

columns in Figure 5.5 and place them in single columns as initial situation. Then,

eac h column in Figure 5.6.(a) is one subsequence E

i

, for i = 0 ; :::; N

r � 2

� 1. In

the �gure w e presen t the dirt y area divided b et w een t w o columns. Figure 5.6.(b)

presen ts the sequences F

i

obtained after sorting the columns in alternate orders.

The situation after the steps of o dd-ev en transp osition is sho wn in Figure 5.6.(c),

and Figure 5.6.(d) presen ts the �nal sorted sequence.

W e need to sho w that the describ ed pro cess actually merges the sequences. T o do so

w e use the zero-one principle whic h allo ws us to assume that the domain of k eys to b e

sorted is f 0 ; 1 g , and to generalize the observ ed prop erties to an y domain of k eys.

The �rst prop ert y is stated as a lemma.

Lemma 5.1 The se quenc e D , obtaine d after the c ompletion of step 4, is sorte d exc ept
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z N-1

Norder

Figure 5.5: Sequence D obtained after in terlea ving. The order go es from left to righ t

taking eac h column from top to b ottom. The shaded area is �lled with zero es and the

white area with ones. The b oundary area has at most N � 1 columns, as sho wn.

sorted sequences from top to b ottom in Figure 5.4.

W e pro v e b elo w that D is almost sorted, since there is a p oten tial dirt y area (windo w

of k eys not sorted) of length at most N ( N � 1). This situation is sho wn in Figure 5.5,

where ha ving completed step 3, the sorted sequences are in terlea v ed b y follo wing

the v ertical dimension one column at a time from left to righ t.

5. Clean the dirt y area. T o do so w e start b y dividing the whole sequence D =

h d

0

; d

1

; :::; d

N

r

� 1

i in to N

r � 2

subsequences of N

2

consecutiv e k eys eac h. If w e denote

these subsequences as E

i

, for i = 0 ; :::; N

r � 2

� 1, the i th subsequence has the form

E

i

= h d

iN

2
; d

iN

2

+1

; :::; d

iN

2

+ N

2

� 1

i .

Then, w e sort the subsequences in alternate orders, i.e. E

i

is transformed in to a

sequence F

i

, where F

i

con tains the k eys of E

i

sorted in non-decreasing order if i is

ev en or in non-increasing order if i is o dd, for i = 0 ; :::; N

r � 2

� 1.

No w, w e apply t w o steps of o dd-ev en transp osition b et w een the sequences F

i

, for

i = 0 ; :::; N

r � 2

� 1. In the �rst step, eac h pair of sequences F

i

and F

i +1

, for i

ev en, is transformed in to t w o sequences G

i

= h min f f

i; 0

; f

i +1 ; 0

g ; min f f

i; 1

; f

i +1 ; 1

g ;

:::; min f f

i;N

2

� 1

; f

i +1 ;N

2

� 1

gi and G

i +1

= h max f f

i; 0

; f

i +1 ; 0

g ; max f f

i; 1

; f

i +1 ; 1

g ; :::;

max f f

i;N

2

� 1

; f

i +1 ;N

2

� 1

gi . In the second step, eac h pair of sequences G

i

and G

i +1

, for

i o dd, is transformed in to t w o sequences H

i

= h min f g

i; 0

; g

i +1 ; 0

g ; min f g

i; 1

; g

i +1 ; 1

g ;

:::; min f g

i;N

2

� 1

; g

i +1 ;N

2

� 1

gi and H

i +1

= h max f g

i; 0

; g

i +1 ; 0

g ; max f g

i; 1

; g

i +1 ; 1

g ; :::;

max f g

i;N

2

� 1

; g

i +1 ;N

2

� 1

gi .

Finally , w e sort eac h sequence H

i

in non-decreasing order, generating sequences

I

i

, for i = 0 ; :::; N

r � 2

� 1, and concatenate all these sequences in to a single sorted

sequence J = h i

0 ; 0

; i

0 ; 1

; :::; i

0 ;N

2

� 1

; i

1 ; 0

; i

1 ; 1

; :::; i

1 ;N

2

� 1

; :::; i

N

r � 2

� 1 ; 0

; i

N

r � 2

� 1 ; 1

;

i

N

r � 2

� 1 ;N

2

� 1

i .
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0,1
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N-1,2
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2,N-1
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Figure 5.2: Situation after step 1: eac h sequence A

i

, i = 0 ; :::; N � 1, has b een distributed

in to N subsequences B

i;j

, j = 0 ; :::; N � 1. Eac h of the subsequences is still sorted.

. . .

. . .

. . .

. . .

. . .

. . .. . .. . .. . .

0,0

1,0

2,0

N-1,0

N-1,1

0,1

1,1

N-2,1

N-2,2

N-1,2

0,2

N-3,2

1,N-1

2,N-1

3,N-1

0,N-1

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

B

Figure 5.3: Situation after the recom bination of subsequences done in step 2.

sorting algorithm for sequences of length N

2

can b e used, b ecause a recursiv e call

to the merge pro cess w ould b e more costly in time. The situation after this step is

illustrated with Figure 5.4.

4. In terlea v e the obtained sorted sequences C

i

= h c

i; 0

; c

i; 1

; :::; c

i;N

r � 1

� 1

i , for i = 0 ; :::;

N � 1, in to one single sequence D b y alternativ ely taking one k ey from eac h

sequence. Then, the sequence D will ha v e the form h c

0 ; 0

; c

1 ; 0

; :::; c

N � 1 ; 0

; c

0 ; 1

; c

1 ; 1

;

:::; c

N � 1 ; 1

; :::; c

0 ;N

r � 1

� 1

; c

1 ;N

r � 1

� 1

; :::; c

N � 1 ;N

r � 1

� 1

i . This is equiv alen t to reading the

0

1

2

N-1

.  .  .  .  .  .  .

C

C

C

C

Figure 5.4: Situation after merging the subsequences in eac h ro w.
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0

1

2

N-1

.  .  .  .  .  .  .

A

A

A

A

Figure 5.1: Initial situation b efore the merge pro cess starts. Eac h sorted sequence is

represen ted as a horizon tal blo c k (a ro w.)

T o sho w the correctness of the pro ofs w e will use the zero-one principle due to Kn uth

[36]. The zero-one principle states that if an algorithm based on compare-exc hange

op erations is able so sort an y sequence of 0's and 1's, then it sorts an y arbitrary sequence

of k eys. Th us, w e will assume that w e are only dealing with sequences of zero es and ones.

5.1.2 Multiw a y-Merge Algorithm

In this section w e describ e the algorithm to merge N sorted sequences, A

i

= h a

i; 0

; a

i; 1

; :::;

a

i;N

r � 1

� 1

i , for i = 0 ; :::; N � 1, in to a large sorted sequence. The initial situation is

pictured in Figure 5.1.

The merge pro cess is implem en te d in the follo wing steps:

1. Distribute the k eys in eac h sorted sequence A

i

in to N sorted subsequences B

i;j

, for

i = 0 ; :::; N � 1 and j = 0 ; :::; N � 1. Subsequence B

i;j

has the form h a

i;j

; a

i;j + N

;

a

i;j +2 N

; :::; a

i;j +( N

r � 2

� 1) N

i , for i = 0 ; :::; N � 1 and j = 0 ; :::; N � 1. Note that the

obtained subsequences are sorted, since all the k eys in one subsequence B

i;j

come

from the same sorted sequence A

i

and are placed in the subsequence in the same

order. In Figure 5.2 w e illustrate the situation after the completion of this pro cess.

Eac h of the N ro ws con tains N sorted subsequences.

2. Recom bine the subsequences in the ro ws, so that eac h ro w has exactly one subse-

quence from eac h original sequence and exactly one subsequence of the form B

i;N � 1

.

This can b e done, for example, b y cyclicly rotating the j th column of subsequences

in Figure 5.2 b y j p ositions, for j = 0 ; :::; N � 1. As a results, the i th ro w, for i =

0 ; :::; N � 1, will con tain the subsequences B

i; 0

; B

( i � 1) mod N ; 1

; :::; B

( i � N +1) mod N ;N � 1

.

The result of this pro cess is illustrated in Figure 5.3.

3. Merge the N subsequences in eac h ro w i in to a single sorted sequence C

i

, for

i = 0 ; :::; N � 1. This is done with a recursiv e call to the m ultiw a y-m erge pro cess if

the n um b er of k eys in the ro w, N

r � 1

, is at least N

3

. If the n um b er of k eys is N

2

a
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a�ect only in a small amoun t to the �nal result, and will not a�ect the asymptotic analysis

at an y p oin t. Ho w ev er, in order to obtain exact v alues when applying the algorithms to

concrete net w orks, w e will consider this fact and coun t the steps accurately .

Finally , in man y algorithms w e will assume that a no de can sim ultaneously manipulate

messages through all its comm unication links. This mo del of comm unication is kno wn

as the multip ort mo del , and will b e assumed in the rest of this c hapter.

5.1 Sorting Algorithm

In this section w e dev elop an algorithm to merge N sorted sequences in to a single sorted

sequence. W e call this op eration a \m ultiw a y merge." F rom the m ultiw a y-m erge op er-

ation w e deriv e a sorting algorithm, and w e sho w ho w to use it to obtain an e�cien t

sorting algorithm for an y homogeneous pro duct net w ork. The obtained algorithms run

v ery e�cien tly on pro duct net w orks since their underlying structure is v ery w ell-suited

for pro duct net w orks.

W e start b y giving some sp eci�c de�nitions and notation for this section only . Then,

w e presen t our m ultiw a y merge algorithm and sho w ho w to use it for sorting. W e con tin ue

b y sho wing ho w to implem en t the m ultiw a y merge sorting algorithm in an y homogeneous

pro duct net w ork and analyze its time complexit y .

5.1.1 De�nitions and Notation

A sorted sequence is de�ned as a sequence of k eys h a

0

; a

1

; :::; a

n � 1

i suc h that a

0

�

a

1

� ::: � a

n � 1

. The m ultiw a y-m e rge algorithm com bines N sorted sequences A

i

=

h a

i; 0

; a

i; 1

; :::; a

i;n � 1

i , for i = 0 ; :::; N � 1, in to a single sorted sequence J = h j

0

; j

1

; :::; j

nN � 1

i .

F or simplicit y , w e assume n to b e a p o w er of N , N

r � 1

, where r > 2.

In order to build an in tuitiv e understanding of the basic idea of the merge op eration,

w e assume that the k eys to b e sorted are placed in a t w o dimensional area, as sho wn in

Figure 5.1. Then, in the pro of w e can meaningfully use the terms ro w and column when

referring to groups of k eys. F or instance, w e initially assume that eac h sorted sequence

A

i

, for i = 0 ; :::; N � 1, is in a di�eren t ro w (see Figure 5.1.)

T o merge N sequences of N

r � 1

k eys eac h, w e initially assume the existence of an

algorithm whic h can sort N

2

k eys. W e mak e no assumption in regards to the e�ciency of

this algorithm as y et. W e migh t note here that our assumption is not due to a limitation of

the prop osed approac h, b ecause w e can recursiv ely apply the same algorithm to sequences

of length N

2

taking a new of n um b er of sequences to b e merged (for instance M =

p

N )

un til the sequence length reduces to O (1) k eys whic h will then tak e constan t time to

sort on ev ery net w ork. The purp ose of this assumption is to main tain the generalit y of

discussions indep enden t of the metho d used to implem en t this pro cess. F or instance, in

our net w orks w e assume this op eration as basic, and obtain the time complexit y based

on the time of p erforming this sorting.
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Algorithms

In this c hapter w e presen t sev eral algorithms that run e�cien tly in homogeneous pro duct

net w orks. One of the most imp ortan t prop erties of all these algorithms is that they only

dep end on a few c haracteristics of the factor graph. All of them can b e executed in an y

homogeneous pro duct net w ork without mo di�cation.

W e start b y presen ting a sorting algorithm based on Batc her's o dd-ev en merge sorting

algorithm. Here w e do a non-trivial generalization of its o dd-ev en merge to obtain an

algorithm v ery w ell-suited to pro duct net w orks.

W e follo w b y recalling t w o simple kno wn routing algorithms, that will b e used in other

algorithms dev elop ed here. Then, an algorithm to compute the summation of sev eral

v alues is presen ted. This algorithm can b e easily mo di�ed to solv e other problems with

similar structure.

Then, w e deriv e a matrix-m ultipl icati on algorithm that uses the broadcasting and

summation algorithms men tioned. Finally , w e generate a minim um -w eigh t spanning-tree

algorithm, that uses an algorithm to �nd the minim um of a set of v alues trivially deriv ed

from the summation algorithm.

After the application of the algorithms generated to sev eral pro duct net w orks w e �nd

that they p erform v ery e�cien tly in most of the cases, reac hing the asymptotic time

complexit y of the b est practical algorithms kno wn.

One execution step in an algorithm in v olv es the input of some v alues in to eac h no de

through the links inciden t to it, some computation done in the no de, and the output of

some v alues through the no de links. Of course, the n um b er of v alues input or output in

one step is b ounded, and the size of eac h is also b ounded. Therefore, the time tak en b y

the step is considered constan t.

In man y of the algorithms w e start with simple algorithms for the factor net w ork and

apply them in order to comp ose the desired algorithm. Note that the last step of one

algorithm and the �rst of the follo wing can b e com bined and coun ted as a single step in

the o v erall algorithm. In order to simplify the expressions w e will not consider this fact

when obtaining the general expressions of the time complexit y of the algorithm. This will

33
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Corollary 4.4 P R

r

( N ) is a sub gr aph of P D

r

( N ) , P C

r

( N ) , or P B

r

( N ) .

The same theorem can b e used to sho w this corollary , from the existence of a hamil-

tonian path in the sh u�e-exc hange graph [25].

Corollary 4.5 P L

r

( N ) is a sub gr aph of P S

r

( N ) .

Since w e kno w that the cub e-connected cycles, C ( N ), is a subgraph of the wrapp ed

butter
y , B ( N ), b y using the same theorem, w e obtain that P C

r

( N ) is a subgraph of

P B

r

( N ).

There are em b eddings b et w een S ( N ) and D ( N ) with dilation 2 and congestion 2.

Then, the use of corollaries 4.1 and 4.2 yields the follo wing.

Corollary 4.6 P S

r

( N ) c an b e emb e dde d onto P D

r

( N ) , and vic e-versa, with dilation 2

and c ongestion 2.

This corollary sho ws that the pro ducts of these net w orks are computationally equiv a-

len t, the same w a y the factor net w orks are. Let us consider no w the pro duct of complete

binary trees, P T

r

( N ). Corollary 4.3 giv es us that the torus can b e em b edded on to this

net w ork with dilation 3 and congestion 2. If w e map the no des of T ( N ) in to the no des of

D ( N + 1) follo wing the lab eling sho wn in De�nition 2.8 and Figure 2.6, w e see that the

former is a subgraph of the latter. Therefore, P T

r

( N ) trees is a subgraph of P D

r

( N + 1).

Observ e that em b eddings imply other em b eddings. F or instance, this last men tioned

fact implies that P T

r

( N ) can b e em b edded in to P S

r

( N + 1), since P D

r

( N + 1) can.

W e w an t to note that sometime s it is in teresting to w ork with instances of pro duct

net w orks and consider them as factor graphs to obtain some results. This is v ery useful,

for instance, if w e are dealing with the h yp ercub e.

Corollary 4.7 P T

r

( N ) c an b e emb e dde d into the ( r log ( N + 1)) -dimensional hyp er cub e

with dilation 2 and c ongestion 1.

This result is a direct consequence of the existence of a dilation-2 congestion-1 em-

b edding of the complete binary tree in to the h yp ercub e [31 ].
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Figure 4.1: Obtaining G

0

( N

G

0

) from G ( N

G

)

Since G

0

( N

G

0

) obtained this w a y is a subgraph of H ( N

H

), apply the ab o v e theorem.

Corollary 4.2 If G ( N

G

) c an b e emb e dde d into H ( N

H

) with c ongestion c , then P G

r

( N

G

)

c an b e emb e dde d into P H

r

( N

H

) with c ongestion c .

Pro of: An em b edding of G ( N

G

) in to H ( N

H

) with congestion cost c directly induces the

claimed em b edding for P G

r

( N

G

) in P H

r

( N

H

).

Note that the expansion of the em b edding b et w een factor graphs is N

H

= N

G

. The

presen ted em b eddings ha v e, then, expansion ( N

H

= N

G

)

r

, that gro ws exp onen tially with

the n um b er of dimensions. Ho w ev er, in most of the em b eddings found in this researc h

the expansion of the em b eddings b et w een factor graphs is practically 1, and the resulting

expansion for pro duct graphs is also practically 1.

The ab o v e results can b e used to obtain v ery p o w erful results for an y homogeneous

pro duct graph. F or instance, w e can use the em b edding of the N -no de ring on to an y N -

no de connected graph presen ted in Theorem 3.15 of [42] to sho w the follo wing corollary .

Corollary 4.3 If G ( N ) is c onne cte d, then the N

r

-no de r -dimensional torus c an b e em-

b e dde d onto P G

r

( N ) with dilation 3 and c ongestion 2.

Observ e that this result presen ts that practically an y pro duct net w ork can e�cien tly

em ulate the torus. This giv es an idea of the p o w er that an y pro duct net w ork has just b y

b elonging to this class.

4.2 Application to Sp eci�c Net w orks

W e apply no w the ab o v e results to pro v e em b eddings b et w een pro duct net w orks. Man y

others can b e presen ted, but w e do not attempt to mak e the list exhaustiv e. This

compilation simply sho ws the p o w er of the ab o v e simple results.

Since the de Bruijn, cub e-connected cycles, and wrapp ed butter
y graphs con tain a

hamiltonian cycle, it is directly implied b y Theorem 4.1 that they con tain the torus as

subgraph.



Chapter 4

Em b edding Prop erties

The em b edding results of this researc h are among the most imp ortan t results since they

sho w a w a y of em ulating one net w ork b y another. In the con text of pro duct net w orks, the

utilit y of em b edding results is further emphasized b y the fact that man y of the existing

p opular arc hitectures can b e mo deled as pro duct net w orks.

W e start b y sho wing simple but p o w erful results. Subsequen tly , w e apply them to

pro v e sev eral em b edding results in v olving sp eci�c homogeneous pro duct net w orks.

4.1 General Results

The follo wing is one of the most imp ortan t results of this section.

Theorem 4.1 P G

r

( N

G

) is a sub gr aph of P H

r

( N

H

) if and only if G ( N

G

) is a sub gr aph

of H ( N

H

) .

Pro of: The su�cien t condition has b een sho wn b efore (Lemma 3.3 in [42].) Therefore,

w e only fo cus on the necessary condition. If G ( N

G

) is not a subgraph of H ( N

H

), then

there m ust b e at least one edge ( u; v ) in G ( N

G

) whic h cannot b e mapp ed to an y edge in

H ( N

H

). Since P G

r

( N

G

) = G ( N

G

) 
 P G

r � 1

( N

G

), w e can write an edge of P G

r

( N

G

) as

( ux; v x ) where x is a v ertex in P G

r � 1

( N

G

). Similarly , P H

r

( N

H

) = H ( N

H

) 
 P H

r � 1

( N

H

),

and the edge ( ux; v x ) cannot exist in P H

r

( N

H

) since ( u; v ) is not an edge in H ( N

H

).

This theorem and its extensions ha v e man y signi�can t implications. In particular,

the next t w o results ha v e a wide v ariet y of p ossible applications.

Corollary 4.1 If G ( N

G

) c an b e emb e dde d into H ( N

H

) with dilation d , then P G

r

( N

G

)

c an b e emb e dde d into P H

r

( N

H

) with dilation d .

Pro of: Mo dify G ( N

G

) to obtain G

0

( N

G

0

), suc h that whenev er an edge of G ( N

G

) is

mapp ed to a path of H ( N

H

), replace it for the path it is mapp ed to (see Figure 4.1.)
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F actor net w. No des Edges Diameter Conn. � , �

L ( N ) N

r

r ( N � 1) N

r � 1

r ( N � 1) r r , 2 r

T ( N ) N

r

r ( N � 1) N

r � 1

2 r (log ( N + 1) � 1) r r , 3 r

S ( N ) N

r

3 r N

r

= 2 r (2 log N � 1) r 3 r

D ( N ) N

r

2 r N

r

r log N 2 r 4 r

B ( N ) N

r

2 r N

r

�( r log N ) 4 r 4 r

C ( N ) N

r

3 r N

r

= 2 �( r log N ) 3 r 3 r

Q

1

2

r

r 2

r � 1

r r r

P (10) 10

r

15 r 10

r � 1

2 r 3 r 3 r

K ( N ) N

r

r ( N � 1) N

r

= 2 r ( N � 1) r ( N � 1) r

F actor net w. P artitionabilit y Max. cong. Bis. width Cr. Num b er

L ( N ) b N =i c , i = 1 ; :::; N O ( N

r +1

) �( N

r � 1

) 
( N

2( r � 1)

)

T ( N ) 2

i

, i = 0 ; :::; log ( N + 1) N

r � 1

( N

2

� 1) = 2 �( N

r � 1

) 
( N

2( r � 1)

)

S ( N ) - O ( N

r

log N ) �( N

r

= log N ) 
(

N

2 r

log

2

N

)

D ( N ) - O ( N

r

log N ) �( N

r

= log N ) 
(

N

2 r

log

2

N

)

B ( N ), N = n 2

n

2

i

, i = 0 ; :::; n O ( N

r

log N ) �( N

r

= log N ) 
(

N

2 r

log

2

N

)

C ( N ), N = n 2

n

2

i

, i = 0 ; :::; n O ( N

r

log N ) �( N

r

= log N ) 
(

N

2 r

log

2

N

)

Q

1

- 2

r

2

r � 1


(2

2( r � 1)

)

P (10) - 10

r

10

r

= 2 
(10

2( r � 1)

)

K ( N ) b N =i c , i = 1 ; :::; N 2 N

r � 1

�( N

r +1

) 
( N

2( r +1)

)

T able 3.3: Structural parameter of sev eral homogeneous pro duct net w orks obtained b y

application of the presen ted results.
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width is 1 and the v alue B

0

for the case N o dd is also 1. W e use these to obtain the rest

of the prop erties of the grid.

A complete binary tree T ( N ), has N � 1 edges, diameter of 2(log ( N + 1) � 1),

connectivit y of 1, minim um v ertex degree of 1, maxim um v ertex degree of 3, and it

is 2

i

-partitionable, for i = 0 ; :::; log( N + 1). The maximal congestion is ( N

2

� 1) = 2, the

bisection width is 1, and the v alue B

0

is 1.

In the sh u�e-exc hange graph S ( N ), ev ery v ertex has a degree of 3, although some

edges are self lo ops. An y t w o no des are connected b y at least one path, although man y

pairs of v ertices are connected b y up to three v ertex disjoin t paths. The diameter is

2 log N � 1 and the bisection width is �( N = log N ). F rom the analysis conducted in [42]

to obtain its bisection width w e can conclude that its maximal congestion is O ( N log N ).

Ev ery v ertex of the de Bruijn graph D ( N ) has degree 4. Ev ery pair of no des are con-

nected b y at least t w o v ertex disjoin t paths (since de Bruijn graph con tains a hamiltonian

cycle), although most pairs of v ertices are connected b y up to four v ertex-disjoin t paths.

The diameter is log N and the bisection width is �( N = log N ). The maximal congestion

is O ( N log N ). Neither this net w ork nor the sh u�e-exc hange are partitionable.

W e no w consider the cub e-connected cycles, C ( N ), and the wrapp ed butter
y , B ( N ),

w ere N = n 2

n

. Both ha v e diameter �(log N ), are 2

i

-partitionable, for i = 0 ; :::; n ( n is

the n um b er of lev els), ha v e bisection width �( N = log N ), and maximal congestion of

O ( N log N ). C ( N ) has v ertex degree of 3 in eac h no de and connectivit y of 3, while the

wrapp ed butter
y B ( N ) has v ertex degree and connectivit y of 4.

The P etersen graph P (10) has 10 no des and 15 edges. Its diameter is 2, connectivit y

is 3, and v ertex degree is 3. The bisection width is 5 and the maximal congestion is 10.

The complete graph K ( N ) has N � 1 edges, diameter of 1, connectivit y of N � 1,

and v ertex degree of N � 1, it is b N =i c -partitionable, for i = 1 ; :::; N , has bisection width

�( N

2

), and has maximal congestion of 2.

All these v alues ha v e b een used to comp ose T able 3.3 b y direct application of the

general results presen ted in this c hapter.

Note the in teresting structural prop erties that eac h single pro duct net w ork presen ts.

If the factor net w ork has logarithmic diameter the pro duct net w ork also has logarithmic

diameter. When the diameter is linear in the factor net w ork (see the linear arra y), in the

pro duct v ersion it tends to b e logarithmic for a large enough n um b er of dimensions.

The connectivit y of all the pro duct net w orks is at least r . The v ertex degree is also

a function of r . If w e main tain the v alue of r b ounded b y a large constan t n um b er w e

ha v e the adv an tages of a net w ork with b ounded v ertex degree and large connectivit y .

It can b e noted also that the bisection width of the net w orks is large if r is reasonably

large. The results presen ted allo w us to obtain the exact v alue of the bisection width for

t w o of the cases (actually , for N ev en, w e also obtain exact v alues for grids and pro ducts

of complete graphs.)
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Prop ert y V alue in P G

r

( N )

Maximal congestion A t least C N

r � 1

Bisection width A t most B N

r � 1

( N ev en)

A t most B + B = 2

P

r � 1

i =1

( N

i

+ 1) + B

0

= 2

P

r � 1

i =1

( N

i

� 1) ( N o dd)

A t least N

r +1

= 2 C ( N ev en)

A t least ( N

2 r

� 1) = 2 C N

r � 1

( N o dd)

Crossing n um b er A t least ( N

r

� 1)( N

r

� 2)( N

r

� 3) = (20 C

2

N

r � 2

) � ( r E N

r � 1

) = 2

T able 3.2: Adv anced structural prop erties of P G

r

( N ) obtained from the v alues of the

maximal congestion, C , the bisection width, B , and B

0

of G ( N ).

W e kno w from Theorem 3.6 that the maximal congestion of P G

r

( N ) is at most C N

r � 1

and w e ha v e seen earlier in this c hapter that it has r E N

r � 1

edges. Using these, w e obtain

the claimed lo w er b ound on the crossing n um b er of P G

r

( N ).

The b ounds obtained with this theorem are the same for the h yp ercub e as those

obtained in [76 ], but our result is obtained m uc h simpler than those in [76]. F or sev eral

net w orks w e sho w that the b ounds w e obtain are asymptotically tigh t, since w e are

able to generate la y outs for these net w orks with the same asymptotical la y out area (see

Chapter 6.)

The results of this section ha v e b een collected in T able 3.2.

3.3 Application to Sp eci�c Net w orks

Here w e apply all the obtained results to sev eral sp eci�c net w orks, iden ti�ed b y their

factor graph. The results for the pro duct net w orks are obtained from the prop erties of

their factor graphs. The results are summarized in T able 3.3.

W e ha v e sho wn that ev ery pro duct graph is N

i

-partitionable, for i = 0 ; :::; r , then w e

do not include this prop ert y in the table. Only sp eci�c partitionabilit y c haracteristics

are included there. In order to simplify some en tries, w e also express some results in

asymptotic notation. Sp eci�cally , the bisection width and the crossing n um b er are mostly

expressed in this notation in the table.

W e start with the linear arra y , L ( N ). It has N � 1 edges, diameter of N � 1, con-

nectivit y of 1, minim um v ertex degree of 1, maxim um v ertex degree of 2, and it is

b N =i c -partitionable, for i = 1 ; :::; N ( b N =i c is the n um b er of subarra ys of i no des that

can b e obtained from the linear arra y .) These prop erties yield the �rst set of structural

prop erties of the grid. The maximal congestion is at most N

2

= 2, and is found in the

cen tral edges of the arra y once w e map the directed complete graph edges. The bisection
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is f (1) = B . The solution of this recurrence yields the claim.

Ho w ev er, to obtain lo w er b ounds on the bisection width is not that easy . The v alue

of the bisection width of G ( N ) do es not carry enough information to b e able to deriv e a

lo w er b ound on the v alue of the bisection width of P G

r

( N ). Therefore w e need to use a

stronger parameter. This will b e the the maximal congestion of G ( N ).

The use of the maximal congestion allo ws us to deriv e the follo wing result. The pro of

tec hnique is similar to that used in [42 ] to obtain lo w er b ounds on the bisection width of

other net w orks.

Theorem 3.9 If the maximal c ongestion of G ( N ) is C , then P G

r

( N ) has bise ction width

at le ast

N

r +1

2 C

if N is even, and at le ast

N

2 r

� 1

2 C N

r � 1

if N is o dd.

Pro of: The bisection width of the N

r

-no de directed complete graph is N

2 r

= 2 if N is

ev en, and ( N

2 r

� 1) = 2 if N is o dd. Since w e can em b ed it on to P G

r

( N ) with congestion

at most C N

r � 1

, the bisection width of P G

r

( N ) has to b e at least

N

2 r

= 2

C N

r � 1

= N

r +1

= 2 C if

N is ev en or ( N

2 r

� 1) = 2 C N

r � 1

if N is o dd, b ecause otherwise w e could bisect the em-

b edded directed complete graph b y remo ving less edges than its bisection width, whic h

is a con tradiction.

Observ e that the lo w er b ound just presen ted and the upp er b ound presen ted in The-

orem 3.7 are the same (and therefore b oth tigh t) if B = N

2

= 2 C . Ho w ev er, when N is

o dd w e can not guaran tee that the b ounds obtained are tigh t. T o obtain the exact v alue

of the bisection width of P G

r

( N ) when N is o dd is a di�cult task, since it is not ev en

kno wn for suc h a simple net w ork as the m ultidim ensional grid [42 ]. F or P L

2

( N ), when

N is o dd, it is kno wn that the lo w er b ound obtained b y Theorem 3.9 is not tigh t, while

the upp er b ound obtained b y Theorem 3.8 is.

3.2.3 Crossing Num b er

W e no w in v estigate the crossing n um b er of homogeneous pro duct net w orks. Since w e

only use the v alue of this parameter to deriv e lo w er b ounds on the la y out area, w e only

deriv e lo w er b ounds on its v alue. The metho d used is similar to the metho d in tro duced

in [41 ], and uses the maximal congestion. Again, w e could not generate these b ounds

from the v alue of the crossing n um b er of G ( N ).

Theorem 3.10 If G ( N ) has E e dges and its maximal c ongestion is C , then the cr ossing

numb er of P G

r

( N ) is at le ast

( N

r

� 1)( N

r

� 2)( N

r

� 3)

20 C

2

N

r � 2

�

r E N

r � 1

2

Pro of: F rom the results in [34 , 35 , 39] it w as sho wn in [76] that if an n -no de graph has e

edges and its maximal congestion is c then its crossing n um b er is at least

n ( n � 1)( n � 2)( n � 3)

20 c

2

�

e

2

.
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3.2.2 Bisection Width

In this section w e obtain b ounds on the bisection width of P G

r

( N ). W e start b y pre-

sen ting upp er b ounds simply obtained from the v alue of the bisection width of G ( N ).

Theorem 3.7 If the bise ction width of G ( N ) is B and N is even, then the bise ction

width of P G

r

( N ) is at most B N

r � 1

.

Pro of: The bisection of eac h G ( N )-subgraph in a giv en dimension i bisects the whole

graph P G

r

( N ). Let G ( N ) b e divided in to t w o subgraphs with v ertex sets U and V , re-

sp ectiv ely , when bisected. Then, the bisection of eac h dimension- i G ( N )-subgraph divides

P G

r

( N ) in to t w o subgraphs with no des of the form x

r

:::x

i +1

ux

i � 1

:::x

1

and x

r

:::x

i +1

v x

i � 1

:::x

1

, resp ectiv ely , where u 2 U , v 2 V , and x

j

, for j = 1 ; :::; r and j 6= i , is a no de of

G ( N ). Since j U j = j V j , b oth graphs ha v e the same n um b er of no des and P G

r

( N ) has

b een bisected.

The upp er b ound on the bisection width of a pro duct graph P G

r

( N ) when N is

o dd is a little more complicated. When w e bisect G ( N ) w e obtain t w o subgraphs with a

di�erence of one in the n um b er of no des. Therefore, w e can not use the metho d presen ted

ab o v e in this case.

Let us assume that the bisection of G ( N ) yields subgraphs with no de sets U and V ,

and that j V j = j U j + 1. W e can de�ne B

0

to b e the minim um n um b er of edges that need

to b e remo v ed from G ( N ) to bisect it in to t w o subgraphs with v ertex sets V � f v g and

U [ f v g , for some v 2 V . Clearly , if there are sev eral w a ys to bisect G ( N ) b y remo ving

B edges, B

0

can b e tak en as the minim um of the corresp onding p ossible v alues.

With these assumptions w e can sho w that.

Theorem 3.8 If the bise ction width of G ( N ) is B , N is o dd, and B

0

is as de�ne d, then

the bise ction width of P G

r

( N ) is at most B +

B

2

P

r � 1

i =1

( N

i

+ 1) +

B

0

2

P

r � 1

i =1

( N

i

� 1) .

Pro of: T o bisect the pro duct graph w e apply an inductiv e pro cess. P G

r

( N ) is bisected

b y c ho osing a dimension (sa y r ) and �rst bisecting the v th P G

r

r

( N ) subgraph, where v

is the no de of G ( N ) presen ted ab o v e. This partition divides the v th P G

r

r

( N ) subgraph

in to t w o subgraphs disconnected from eac h other in eac h dimension and connected to the

rest of P G

r

( N ) b y the r th dimension. One subgraph con tains ( N

r � 1

+ 1) = 2 no des and

the other con tains ( N

r � 1

� 1) = 2 no des.

W e can no w bisect eac h dimension- r G ( N )-subgraph to �nish the pro cess. A G ( N )-

subgraph that con tains a no de from the large subgraph of v th P G

r

r

( N ) subgraph is

bisected b y remo ving B edges, while the rest of the G ( N )-subgraphs are bisected b y

remo ving B

0

edges. This bisects the graph P G

r

( N ).

If w e denote f ( r ) the n um b er of edges remo v ed to bisect P G

r

( N ), from the ab o v e

pro cess w e obtain f ( r ) = f ( r � 1) + B ( N

r � 1

+ 1) = 2 + B

0

( N

r � 1

� 1) = 2. The initial condition
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an upp er b ound on it, w e deriv e lo w er b ounds on the bisection width and the crossing

n um b er of the pro duct graph.

These lo w er b ounds will b e applied in Chapter 6 to obtain lo w er b ounds on the

VLSI la y out area and maxim um wire length for pro duct net w orks. W e can observ e

that the b ounds obtained from the bisection width and from the crossing n um b er are

asymptotically the same. These t w o parameters are the t w o kno wn approac hes to this

problem, and no link b et w een them w as kno wn. Therefore, the maximal congestion

app ears to b e suc h a link.

3.2.1 Maximal Congestion

In this section w e study the maximal congestion of pro duct graphs. Since w e do not

really need the exact v alue of the maximal congestion, w e will sho w ho w to obtain upp er

b ounds on the maximal congestion of P G

r

( N ) giv en the v alue of the maximal congestion

of G ( N ).

T o our kno wledge, this is the �rst time the maximal congestion is explicitly iden ti�ed

as an imp ortan t structural prop ert y of a graph. In the follo wing sections w e will use

the maximal congestion to obtain lo w er b ounds on prop erties of homogeneous pro duct

graphs that, con trary to the ab o v e results, cannot b e deriv ed from the same prop ert y of

the factor graph.

Theorem 3.6 If the maximal c ongestion of G ( N ) is C , then the maximal c ongestion of

P G

r

( N ) is at most C N

r � 1

.

Pro of: W e sho w a mapping of the edges of the N

r

-no de directed complete graph in to

paths of P G

r

( N ). W e �rst map the no des of the directed complete graph on to the no des

of P G

r

( N ) one-to-one. Then, w e map the directed edge from no de x = x

r

:::x

1

to no de

y = y

r

:::y

1

to the path

x ! y

r

x

r � 1

:::x

1

! ::: ! y

r

:::y

2

x

1

! y

The i th arro w represen ts the path in the corresp onding G ( N )-subgraph from x

i

to y

i

, for

i = 1 ; :::; r . By de�nition of maximal congestion, these paths imply at most congestion

C in the G ( N ) subgraph.

Let ( z

r

:::z

i

:::z

1

; z

r

:::z

0

i

:::z

1

) b e a dimension- i edge of P G

r

( N ). If this edge is tra v ersed

b y a path from x to y as describ ed, then it m ust b e y

r

= z

r

, ..., y

i +1

= z

i +1

and

x

i � 1

= z

i � 1

, ..., z

1

= z

1

. Since the edge ( z

i

; z

0

i

) of G ( N ) is tra v ersed b y at most C paths

b et w een t w o no des of G ( N ), there are at most C p ossible com binations of the v alues of

x

i

and y

i

. Eac h other x

j

, for j = i + 1 ; :::; r , and y

k

, for k = 1 ; :::; i � 1, can tak e N

p ossible v alues. Therefore, the edge can b e tra v ersed b y at most C N

r � 1

paths.
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G ( N ) P G

r

( N )

No des N N

r

Edges E E r N

r � 1

Diameter d r d

Connectivit y � r �

Min. v ertex degree � r �

Max. v ertex degree � r �

P artitionabilit y - N

i

, for i = 0 :::r

k k

r

T able 3.1: Structural prop erties of P G

r

( N ) obtained from similar prop erties of G ( N ).

3.1.5 P artitionabilit y

The abilit y to recursiv ely partition a graph in to distinct copies of its smaller v ersions is

another imp ortan t prop ert y , since it allo ws assigning the parts of a recursiv e computation

to di�eren t subnet w orks, or sho ws a w a y to share the system b et w een man y users.

As w e already men tioned, pro duct graphs con tain a v ariet y of subgraphs whic h are

isomorphic copies of pro duct graphs with few er dimensions. W e ha v e sho wn in Chapter 2

that b y remo ving the edges b elonging to k dimensions w e obtain a set of disjoin t copies

of P G

r � k

( N ). Hence the next theorem follo ws.

Theorem 3.4 P G

r

( N ) is N

i

-p artitionable, for i = 0 ; :::; r .

F urthermore, if the factor graph G ( N ) is already partitionable in to k disjoin t isomor-

phic M -no de graphs of its same family , b y applying this partition to eac h G ( N )-subgraph

in all the dimensions w e obtain a partition of P G

r

( N ) in to k

r

disjoin t subgraphs isomor-

phic to P G

r

( M ).

Theorem 3.5 If G ( N ) is k -p artitionable, then P G

r

( N ) is k

r

-p artitionable.

The structural results presen ted un til this p oin t ha v e b een compiled in T able 3.1. All

these results can b e c haracterized b y the fact that the prop erties of the pro duct graph

in v olv ed are easily obtained from the same prop erties of the factor graph. In the rest of

the c hapter w e obtain non-trivial prop erties of pro duct graphs.

3.2 Adv anced Results

In this section w e obtain prop erties that are not trivially deriv ed from the v alue of the

same prop ert y in the factor graph. W e initially study the maxim al congestion and, from
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Theorem 3.1 If G ( N ) has diameter d , then P G

r

( N ) has diameter r d .

The k ey to the pro of of Theorem 3.1 is the observ ation that there exist at least one

pair of no des in P G

r

( N ) whic h di�er in ev ery sym b ol p osition and eac h di�ering sym b ol

pair corresp ond to a distance as m uc h as the diameter of G ( N ). Finding suc h a pair of

no des yields b oth a lo w er b ound and an upp er b ound for the diameter of the pro duct

graph.

3.1.3 Connectivit y

The connectivit y of a net w ork has imp ortan t implications on its comm unication band-

width and its fault tolerance. The connectivit y of pro duct net w orks w as in v estigated in

[24] where a lo w er b ound w as obtained.

Theorem 3.2 If G ( N ) has c onne ctivity � , then P G

r

( N ) has c onne ctivity at le ast r � .

The theorem can b e simply pro v en with an inductiv e statemen t, where it is sho wn that

if P G

r � 1

( N ) has connectivit y ( r � 1) � , then P G

r

( N ) has connectivit y ( r � 1) � + � . The

increased n um b er of paths is due to the alternativ es added b y the in tro duced dimension.

3.1.4 V ertex Degree

The v ertex degree is imp ortan t mainly in t w o asp ects of a net w ork. First, the maxim um

v ertex degree has strong implications on the cost of the implem en tation of the net w ork.

Second, the minim um v ertex degree determines an upp er b ound on the connectivit y of

the net w ork.

The maxim um v ertex degree of pro duct net w orks has b een previously studied [24, 82,

86 ], while w e are not a w are of an y result on the minim um v ertex degree. W e join results

on b oth prop erties in the follo wing theorem.

Theorem 3.3 If G ( N ) has maximum vertex de gr e e � and minimum vertex de gr e e � ,

then P G

r

( N ) has maximum vertex de gr e e r � and minimum vertex de gr e e r � .

Note from Figure 2.2 that eac h time w e add a new dimension to the pro duct net w ork,

w e add at least � and at most � to the v ertex degrees. Then, there is a v ertex x = x

r

:::x

1

where eac h x

i

, for i = 1 ; :::; r , corresp onds to a v ertex of G ( N ) with degree � . This means

that x is a no de with the minim um v ertex degree of r � . Similarly , there is a v ertex

y = y

r

:::y

1

where eac h y

i

, for i = 1 ; :::; r , corresp onds to a v ertex of G ( N ) with degree �.

Then y m ust ha v e the maxim um v ertex degree r �. T rivially , b y construction, no no de

can ha v e v ertex degree smaller than r � or larger than r �.



Chapter 3

Structural Prop erties

In this c hapter w e compile some kno wn structural prop erties of pro duct net w orks and

w e add to the collection with new non-trivial results on other prop erties not studied

previously .

3.1 Direct Results

In this section w e presen t general results on sev eral structural prop erties of homogeneous

pro duct net w orks. The prop erties presen ted here are directly deriv ed from the v alue of

the same prop ert y in the factor graph.

3.1.1 Num b er of No des and Links

Among the �rst questions w e ask ab out a new in terconnection net w ork is the n um b er of

no des and links in it. W e can easily observ e that, if G ( N ) has N v ertices and E edges,

then P G

r

( N ) has N

r

v ertices and E r N

r � 1

edges. The statemen t ab out the n um b er

of v ertices follo ws directly from De�nition 2.2. T o compute the n um b er of edges, it is

p ossible to observ e in Figure 2.2 that P G

r

( N ) con tains all the edges of N copies of

P G

r � 1

( N ) plus the edges of N

r � 1

copies of G ( N ) (since there are N

r � 1

columns in the

�gure.) Th us, w e can deriv e a recurrence f ( r ) = N f ( r � 1) + E N

r � 1

for the n um b er of

edges in P G

r

( N ). The solution of this, with the initial condition f (1) = E , giv es the

desired result.

3.1.2 Diame te r

The diameter of a net w ork is another imp ortan t prop ert y . In general, computation of

exact diameter for a giv en graph ma y b e v ery di�cult, but for homogeneous pro duct

graphs w e are able to state simple rules to calculate the diameter. The next result has

b een presen ted in sev eral pap ers indep enden tly [4, 24 , 82, 86 ].

21
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Figure 2.12: The 4-no de complete graph, K (4).

n um b er of dimensions. W e denote the P etersen graph as P (10) and its r -dimensional

pro duct as P P

r

(10), whic h is obtained as P P

r

(10) = P (10) 
 P P

r � 1

(10).

Finally , w e de�ne the complete graph as follo ws.

De�nition 2.14 The N -no de complete graph, denote d K ( N ) , is the gr aph wher e e ach

of its no des is c onne cte d with an e dge to al l the other N � 1 no des.

Figure 2.12 presen ts the 4-no de complete graph K (4). Observ e that the v ertex degree

of K ( N ) increases with N .

The r -dimensional pro duct of K ( N ) is denoted P K

r

( N ), and obtained as P K

r

( N ) =

K ( N ) 
 P K

r � 1

( N ). Since the 2-no de linear arra y , L (2), is isomorphic to K (2), the

h yp ercub e can b e considered as the m ultidim ensi onal pro duct of K (2).
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Figure 2.9: The 3-lev el butter
y and wrapp ed butter
y , B (24).
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Figure 2.10: The 3-dimensional cub e-connected cycles, C (24).

Figure 2.11: The P etersen graph, P (10).
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010

011

110

111101000

001

100

Figure 2.8: The 8-no de de Bruijn graph, D (8).

( h u; i i ; h v ; j i ) is an e dge of the butter
y if and only if j = i + 1 and either (a) u = v

(str aight e dge) or (b) u and v di�er only in the i th bit (cr oss e dge.)

If w e collapse the no des h u; 0 i and h u; n i in to one single no de, for u = 0 ; :::; 2

n

� 1, w e

obtain the wr app e d butter
y . Figure 2.9.(a) sho ws the 3-lev el butter
y and Figure 2.9.(b)

the 3-lev el wrapp ed butter
y .

As a rule, in the rest of the dissertation w e only study the prop erties of the N = n 2

n

-

no de wrapp ed butter
y , whic h w e denote as B ( N ). This decision is justi�able b y the fact

of b oth net w orks b eing almost the same. F or instance, it is kno wn that b oth butter
ies

can em ulate eac h other with constan t slo wdo wn. F urthermore, observ e that b oth ha v e

asymptotically the same n um b er of no des �( n 2

n

), since the n -lev el butter
y has ( n + 1)2

n

no des and the n -lev el wrapp ed butter
y has n 2

n

no des. Most of the results obtained for

the butter
y are expressed in asymptotical notation and, hence, are applicable to b oth

net w orks.

The r -dimensional pro duct of (wrapp ed) butter
ies is denoted as P B

r

( N ), and can

b e obtained as P B

r

( N ) = B ( N ) 
 P B

r � 1

( N ).

De�nition 2.13 The n -dimensional cub e-connected cycles is the gr aph obtaine d fr om

the hyp er cub e Q

n

by r eplacing e ach no de of the hyp er cub e with a n -no de cycle, so that

e ach no de of the cycle is c onne cte d to one of the e dges incident to the original no de.

The n -dimensional cub e-connected cycles has N = n 2

n

no des and will b e denoted

C ( N ). Figure 2.10 presen ts the 3-dimensional cub e-connected cycles, C (24). It is easy

to see that the cub e-connected cycles and the butter
y are v ery similar. In fact, the

n -dimensional cub e-connected cycles is a subgraph of the n -lev el wrapp ed butter
y (in

Figure 2.9.(b) the dark er edges represen t the edges of the 3-dimensional cub e-connected

cycles.) Similarly , there is a constan t-congestion constan t-dilation em b edding of the

wrapp ed butter
y on to the cub e-connected cycles.

The r -dimensional pro duct of C ( N ) is denoted P C

r

( N ) and obtained as P C

r

( N ) =

C ( N ) 
 P C

r � 1

( N ).

The next net w ork to b e considered is the Petersen gr aph, sho wn in Figure 2.11. It

is a �xed-size graph and, therefore, its pro duct v ersion can only gro w b y c hanging the
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Figure 2.6: The 2-dimensional mesh of 4-leaf trees.

000 001

010

100

110 111

101

011

Figure 2.7: The 8-no de sh u�e-exc hange graph, S (8).

The r -dimensional pro duct of N -no de sh u�e-exc hange graphs will b e denoted P S

r

( N ),

and it is obtained as P S

r

( N ) = S ( N ) 
 P S

r � 1

( N ).

De�nition 2.11 The N -no de de Bruijn graph, denote d D ( N ) , wher e N = 2

h

, is the

gr aph with vertex set 0 ; :::; N � 1 (in binary), and whose no des u , v , and w ar e c onne cte d

by e dges ( u; v ) and ( u; w ) if v c an b e obtaine d fr om u by a cyclic left shift and w di�ers

fr om v in the rightmost bit only.

Note that, although for simplicit y of de�nition w e use directed edges to describ e the

graphs S ( N ) and D ( N ), once the construction in done the resulting graph is considered

undirected.

An 8-no de de Bruijn graph is sho wn in Figure 2.8. Observ e that, whenev er ( u; v ) is

a sh u�e-edge in S ( N ), it is also an edge in D ( N ). Additionally , whenev er ( u; v ; w ) is a

path in S ( N ) suc h that ( u; v ) is a sh u�e edge and ( v ; w ) is an exc hange edge, ( u; w ) is

an edge in D ( N ).

The r -dimensional pro duct of N -no de de Bruijn graphs will b e denoted P D

r

( N ), and

it is obtained as P D

r

( N ) = D ( N ) 
 P D

r � 1

( N ).

De�nition 2.12 The n -level butter
y is the gr aph with vertex set h u; i i , wher e i is the

level of the no de, 0 � i � n , and u is the r ow of the no de, 0 � u � 2

n

� 1 in binary.



CHAPTER 2. DEFINITIONS AND NOT A TION 16

Figure 2.4: The 3-dimensional h yp ercub e, Q

3

.

001

010
011

100 101 110 111

Figure 2.5: The 7-no de complete binary tree, T (7).

1, is the ro ot of the tree. Figure 2.5 presen ts the 7-no de complete binary tree, whic h has

3 lev els and 4 lea v es.

The r -dimensional pro duct of T ( N ), using the de�ned notation, will b e denoted as

P T

r

( N ). It can b e obtained as P T

r

( N ) = T ( N ) 
 P T

r � 1

( N ). In Figure 1.1 w e ha v e

presen ted the 2-dimensional pro duct of 7-no de complete binary trees, P T

2

(7).

De�nition 2.9 The r -dimensional N

r

-le af mesh of trees, or r -dimensional mesh of N -

le af tr e es, is the gr aph obtaine d fr om the N

r

-no de r -dimensional grid by substituting the

line ar c onne ctions along e ach dimension by N -le af c omplete binary tr e es. The le aves of

the tr e es ar e the original no des of the grid, and additional no des ar e intr o duc e d to obtain

the internal no des of the tr e es.

Figure 2.6 presen ts the 2-dimensional 16-leaf mesh of trees (or 2-dimensional mesh of

4-leaf trees.) In this �gure the no des of the original grid are sho wn as dark no des and

the additional no des in tro duced are sho wn as empt y no des.

De�nition 2.10 The N -no de sh u�e-exc hange graph, denote d S ( N ) , wher e N = 2

h

, is

the gr aph with vertex set 0 ; :::; N � 1 (in binary), and whose no des u and v ar e c onne cte d

by an e dge ( u; v ) if either (a) u and v di�er in the rightmost bit only (denote d as a

\exchange" e dge) or (b) v c an b e obtaine d fr om u by a cyclic left shift (denote d as a

\shu�e" e dge.)

An 8-no de sh u�e-exc hange graph is sho wn in Figure 2.7. In this �gure sh u�e edges

are sho wn as solid lines and exc hange edges are sho wn as dotted lines.
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(b)(a)

Figure 2.3: The 25-no de 2-dimensional grid, P L

2

(5), and the 25-no de 2-dimensional

torus, P R

2

(5), resp ectiv ely .

2.4 Net w orks of In terest

W e start b y de�ning sev eral net w orks whic h will b e often referred to in the dissertation

and non-pro duct net w orks whose r -dimensional pro ducts will b e studied

De�nition 2.7 The N

r

-no de r -dimensional grid (r esp. torus ) is the gr aph whose vertic es

c omprise al l the r -tuples x = x

r

:::x

1

, such that x

i

2 f 0 ; :::; N � 1 g , for i = 1 ; :::; r , and

whose e dges c onne ct any p air of no des x and y if and only if x and y di�er in exactly

one index p osition i and x

i

= y

i

+ 1 (r esp. x

i

= ( y

i

+ 1) mod N .)

As can b e observ ed, the N

r

-no de r -dimensional torus is the r -dimensional pro duct

of the N -no de ring and the N

r

-no de r -dimensional grid is the r -dimensional pro duct of

the N -no de linear arra y . Clearly , the N

r

-no de r -dimensional grid is a subgraph of the

N

r

-no de r -dimensional torus.

W e will denote the N -no de linear arra y as L ( N ), and the N -no de ring (or cycle) as

R ( N ). Then, b y using the pro duct notation, the graph P L

r

( N ) (resp. P R

r

( N )) is the

N

r

-no de r -dimensional grid (resp. torus.) F rom De�nition 2.2 they can b e obtained as

P L

r

( N ) = L ( N ) 
 P L

r � 1

( N ) and P R

r

( N ) = R ( N ) 
 P R

r � 1

( N ), resp ectiv ely .

The r -dimensional hyp er cub e is simply the 2

r

-no de r -dimensional grid, P L

r

(2). F or

the sak e of brevit y , w e often denote the r dimensional h yp ercub e as Q

r

, whose factor

graph is Q

1

.

Figure 2.3 presen ts the 25-no de 2-dimensional grid, P L

2

(5), and the 25-no de 2-

dimensional torus, P R

2

(5). Figure 2.4 presen ts the 3-dimensional h yp ercub e (or 8-no de

3-dimensional grid), Q

3

.

De�nition 2.8 The N -no de complete binary tree, denote d T ( N ) , wher e N = 2

h

� 1 , is

the gr aph whose vertic es c omprise the set f 1 ; :::; N g and whose e dges c onne ct e ach vertex

u < 2

h � 1

with the vertic es 2 u and 2 u + 1 .

T ( N ) has h lev els of no des, where the i th lev el con tains the no des 2

i � 1

to 2

i

� 1. The

no des at lev el h are called the \lea v es" of the tree, and the single no de at lev el 1, lab eled
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In order to obtain lo w er b ounds on the v alue of these structural prop erties, w e in tro-

duce a new structural prop ert y that is of great in terest for sev eral results in our w ork.

De�nition 2.5 The maximal congestion of a N -no de gr aph, denote d C , is the c ongestion

for any emb e dding of the N -no de dir e cte d c omplete gr aph onto it.

The de�nitions of em b edding and congestion of an em b edding are giv en in the next

section. The maximal congestion is an in trinsic parameter of a graph just lik e the c hro-

matic n um b er, crossing n um b er, etc. are in trinsic parameters of a graph. Although it

lo oks someho w strange and di�cult to obtain, for all the studied net w orks it has b een

enough to ha v e a tigh t upp er b ound of its v alue. Suc h a b ound can b e simply obtained

for an arbitrary net w ork b y applying a routing algorithm b et w een eac h pair of no des and

coun ting the congestion of eac h edge of the net w ork.

2.3 Em b edding Prop erties

W e start b y giving a formal de�nition of em b edding:

De�nition 2.6 A n em b edding of a \guest" gr aph G ( N

G

) into a \host" gr aph H ( N

H

) is

a mapping f of the vertic es of G into the vertic es of H and a mapping g of the e dges of

G into p aths in H , such that if ( u; v ) is an e dge of G , then g (( u; v )) is a p ath c onne cting

f ( u ) and f ( v ) in H .

The main cost measures used in em b edding e�ciency are:

� The lo ad of the em b edding is the maxim um n um b er of v ertices of the guest graph

mapp ed to an y v ertex of the host graph.

� The dilation of an em b edding is the maxim um path length in the host graph rep-

resen ting an edge of the guest graph.

� The c ongestion of an em b edding is the maxim um n um b er of paths (that corresp ond

to the edges of the guest graph) that share an y edge of the host graph.

� The exp ansion of an em b edding is the ratio N

H

= N

G

of the host and guest graphs

sizes.

It has b een sho wn in [37 ] that if G can b e em b edded in to H with load l , dilation d ,

and congestion c , H can em ulate t steps of a computation running on G in O ( l + d + c ) t

steps. If the v alues l , d , and c are constan t, the slo wdo wn in tro duced b y this em ulation

is also constan t. W e consider an em b edding e�cien t if the cost measures are b ounded,

i.e. they are O (1).
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This notation can b e extended, since b y remo ving the edges of k di�eren t dimensions

in P G

r

( N ) w e obtain N

k

disjoin t copies of P G

r � k

( N ). If w e remo v e the edges in dimen-

sions i

1

; :::; i

k

, w e denote the P G

r � k

( N ) subgraph con taining the no de x = x

r

:::x

1

, as the

( x

i

1

; :::; x

i

k

)th P G

i

1

;:::;i

k

r

( N ) subgraph of P G

r

( N ).

2.2 Structural Prop erties

In this section w e de�ne sev eral structural prop erties and establish their notation for the

rest of the do cumen t.

Let the distanc e b et w een t w o no des in a net w ork b e the minim um n um b er of edges

that need to b e tra v ersed to go from one no de to the other, then the diameter of a

net w ork is the maxim um distance b et w een an y pair of no des of the net w ork, and it will

b e denoted as d . The diameter of a net w ork is an upp er b ound on the time that an y

no de-to-no de comm unication in the net w ork will tak e.

The c onne ctivity of a net w ork is the minim um n um b er of v ertex-disjoin t paths con-

necting an y t w o no des of the net w ork, and will b e denoted as � . This v alue is the same

as the minim um n um b er of no des to b e remo v ed from the net w ork to disconnect it. The

connectivit y of a net w ork is related with the fault-tolerance in the sense that, if the con-

nectivit y of the net w ork is � , then the net w ork can tolerate up to � � 1 faults in no des

and edges.

The vertex de gr e e of a no de is the n um b er of edges inciden t to it. W e are sp ecially

in terested on the maxim um v ertex degree of a net w ork, i.e. the maxim um of the v ertex

degrees of its no des, denoted as �. This v alue determines its maxim um connectivit y

and has implications in its VLSI la y out. W e will also study the minim um v ertex degree,

denoted as � . The v ertex degree of an arbitrary no de u will b e denoted as �

u

A graph is said to b e k - p artitionable if it con tains as subgraphs k disjoin t isomorphic

copies of a graph of its same family . The partitionabilit y prop erties of a net w ork are

v ery closely related to the scalabilit y of the net w ork, or the ease of increasing the size

of a net w ork to another net w ork of the same family . The partitionabilit y of a net w ork

is v ery useful when implem en ti ng recursiv e algorithms, when w orking with di�eren t size

problems, or when sharing the net w ork b et w een sev eral users.

The ab o v e prop erties for a pro duct graph are trivially obtained from the same prop-

erties of the factor graph. Ho w ev er, other structural prop erties are more di�cult to

b e deriv ed and ha v e nev er b een studied b efore. W e concen trate on t w o suc h structural

prop erties of pro duct net w orks: the bisection width and the crossing n um b er.

De�nition 2.3 The bisection width of a gr aph, denote d B , is the minimum numb er of

e dges that have to b e r emove d fr om it to obtain two disjoint sub gr aphs with the same

numb er of no des (within one.)

De�nition 2.4 The crossing n um b er of a gr aph, denote d c , is the minimum numb er of

e dge cr ossings of any dr awing of the gr aph in the plane.
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Figure 2.2: Recursiv e construction of m ulti-dim e nsional pro duct net w orks.

F rom the in tuitiv e description of the construction of G 
 H presen ted ab o v e, the

construction of P G

r

( N ) from P G

r � 1

( N ) and G ( N ) is in tuitiv ely describ ed in sev eral

simple steps: First, place the v ertices of P G

r � 1

( N ) along a straigh t line. Dra w N copies

of this dra wing of P G

r � 1

( N ) at the same v ertical lev el in parallel columns. Asso ciate

a di�eren t v ertex u of G ( N ) to eac h cop y of P G

r � 1

( N ) and extend the v ertex lab els of

eac h no de x to ux . Finally , connect t w o no des ux and v x in the same column if and

only if ( u; v ) is an edge in G ( N ). Figure 2.2 sho ws ho w to obtain the 3-dimensional

homogeneous pro duct of the 3-no de ring in t w o applications of this pro cess.

F rom the de�nition, the edges of P G

r

( N ) can b e c haracterized as follo ws.

Observ ation 2.2 If x and y ar e in the form x = x

r

:::x

1

and y = y

r

:::y

1

, wher e x

i

; y

i

ar e

no des of G ( N ) , for i = 1 ; :::; r , then ( x; y ) is an e dge in P G

r

( N ) if and only if x and y

di�er in exactly one symb ol p osition i , and the di�ering symb ols ( x

i

; y

i

) de�ne an e dge

in G ( N ) .

W e sa y that an edge ( x; y ) b elongs to dimension i if the no des inciden t to it di�er

only in the i th index p osition. A G ( N )-subgraph of P G

r

( N ) is said to b e a dimension- i

subgraph if an y t w o no des in the subgraph di�er only in the i th index p osition.

Observ e that P G

r

( N ) con tains N disjoin t copies of P G

r � 1

( N ), eac h with a di�eren t

no de of G ( N ) asso ciated. These copies can b e obtained b y remo ving the dimension- r

edges from P G

r

( N ). Similarly , from Observ ation 2.1 a similar set of disjoin t subgraphs

can b e obtained b y remo ving all the edges of an y dimension i from P G

r

( N ). W e use

the notation P G

i

r

( N ) to refer to an y of the disjoin t subgraphs obtained b y remo ving

the dimension- i edges of P G

r

( N ). Since eac h of the resulting subgraphs has a di�eren t

no de u of G ( N ) asso ciated, w e can meaningfully talk ab out the u th P G

i

r

( N ) subgraph

of P G

r

( N ). F or ev ery no de x of the u th P G

i

r

( N ) subgraph of P G

r

( N ) w e ha v e that

x

i

= u .
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A t a more in tuitiv e lev el, the construction of G 
 H from G and H can b e describ ed

as follo ws. First, place the v ertices of H along a straigh t line as sho wn in Figure 2.1.

Then, dra w j U j copies of H suc h that the v ertices with iden tical lab els fall in the same

column. Next, extend the v ertex lab els b y asso ciating a di�eren t lab el u 2 U to eac h

cop y of H and c hanging eac h v ertex lab el v 2 V of the cop y to uv . Finally , connect the

columns in the in terconnection pattern of the lab eled graph G , suc h that uv is connected

to u

0

v if and only if ( u; u

0

) is an edge in G .

F rom the symmetry in this de�nition, note that the pro duct op erator is comm utativ e

and asso ciativ e:

Observ ation 2.1 G

1


 G

2

is isomorphic to G

2


 G

1

, and G

1


 ( G

2


 G

3

) = ( G

1


 G

2

) 
 G

3

.

Observ e that G

1


 G

2

and G

2


 G

1

are not the same graph since, although in b oth of

them eac h v ertex is a pair of sym b ols, the order in the v ertices of one is rev erse than in

the v ertices of the other. Ho w ev er, if G

1

and G

2

are the same graph, then b oth pro duct

graphs are the same.

Note that, b y construction, G 
 H con tains j U j disjoin t copies of H as subgraphs, and

eac h cop y has a di�eren t lab el u 2 U asso ciated. Similarly , from the ab o v e observ ation,

G 
 H has j V j disjoin t copies of G , eac h with a di�eren t lab el v 2 V asso ciated.

W e sa y that a graph is a pr o duct gr aph if it can b e obtained from a set of factor

graphs b y the application of the cartesian pro duct op eration. If all the factor graphs

are isomorphic w e ha v e a homo gene ous pr o duct gr aph. Otherwise, the pro duct graph is

heter o gene ous.

It will often b e imp ortan t to indicate the n um b er of v ertices, so w e use G ( N ) to

denote the N -no de graph G . The r -dimensional pro duct of G ( N ) is denoted P G

r

( N ),

with the subscript r represen ting the n um b er of dimensions.

Applying this notation, the formal de�nition of r -dimensional homogeneous pro duct

graph is giv en as follo ws:

De�nition 2.2 Given a gr aph G ( N ) , its r -dimensional homo gene ous pr o duct, denote d

P G

r

( N ) , is

1. a single vertex without any e dges and no lab els when r = 0 ,

2. P G

r

( N ) = G ( N ) 
 P G

r � 1

( N ) , when r > 0 .

In general, w e let x; y ; z denote the v ertices of homogeneous pro duct graphs obtained

from G ( N ). F or the r -dimensional pro duct graph P G

r

( N ), the v ertex lab els x; y ; z are

tuples of r sym b ols where eac h sym b ol is dra wn from the set of v ertices of G ( N ). W e use

u; v ; w to denote single v ertices of G ( N ). When the v ertex of G ( N ) is part of the lab el

of a no de x of P G

r

( N ), it is denoted as x

i

, where the subindex i indicates its p osition

in the lab el. F or example, x is in the form x = x

r

:::x

i

:::x

1

, where x

i

, for i = 1 ; :::; r , is a

v ertex of G ( N ).



Chapter 2

De�nitions and Notation

In this c hapter w e presen t de�nitions and notation that will b e used in the rest of the

dissertation. In order to k eep this c hapter brief and to lo cate sp eci�c information faster,

those de�nitions that are relev an t to only one c hapter ha v e b een placed in the sp eci�c

c hapter.

2.1 Homogeneous Pro duct Net w orks

As a reminder to the reader, w e start this section with the de�nition of the cartesian

pro duct, whic h is illustrated in Figure 2.1.

De�nition 2.1 The cartesian pro duct of two \factor" gr aphs G = ( U; E ) and H =

( V ; F ) is the gr aph G 
 H whose vertex set is U � V and whose e dge set c ontains al l the

e dges ( uv ; u

0

v

0

) such that f u; u

0

g � U , f v ; v

0

g � V , and either u = u

0

and ( v ; v

0

) 2 F , or

v = v

0

and ( u; u

0

) 2 E .

x
y

t

z

a

b

c

tx ty tz tt

ztzzzyzx

yx yy yz yt

xtxzxyxx

Product of H and H
Product of G and H
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a
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t

z

y

x

x y z t
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H

Figure 2.1: De�nition of cartesian pro duct.
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net w ork b y com bining collinear la y outs for the factor graph.

After applying all these results to sev eral net w orks w e are able to obtain optimal-area

la y outs for all of them, with maxim um wire lengths close to optimal.

1.3 Organization of the Dissertation

The rest of this dissertation is organized as follo ws. Chapter 2 con tains formal de�nitions

and notation that will b e used in the rest of the do cumen t. Those de�nitions and notation

that are relev an t to only one of the c hapters ha v e b een placed in that sp eci�c c hapter for

lo calit y reasons.

The follo wing c hapters presen t the results of our program of researc h. Chapter 3

presen ts the obtained results in the study of structural prop erties of pro duct net w orks.

Chapter 4 presen ts the results in em b edding a pro duct graph in to another. Chapter 5

presen ts general algorithms for pro duct net w orks. Chapter 6 presen ts the results in VLSI

complexit y obtained.

In Chapter 7 w e concen trate on three sp eci�c instances of pro duct net w orks and

presen t further results for them.

Finally , in Chapter 8 w e summarize conclusions of the w ork describ ed here.
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yields the same time complexit y as the implem en tation in the mesh of trees, whic h is the

fastest kno wn.

1.2.5 VLSI Compl exi t y

The VLSI la y out mo del used in this researc h has b een de�ned b y Thompson [77, 78 ].

In this mo del the la y out area is divided in to square unit-area tiles where the no des and

wires are placed.

Thompson sho w ed that the square of the bisection width is a lo w er b ound on the area

required b y a net w ork under this mo del. Similarly , Leigh ton [41] presen ted the crossing

n um b er of a graph as a lo w er b ound on the area. W e use these facts to deriv e lo w er

b ounds on VLSI complexit y for pro duct net w orks from the v alue of the bisection width

and the crossing n um b er. They are deriv ed b y using the maximal congestion, a new

structural prop ert y of the factor net w ork w e presen t.

T o obtain upp er b ounds w e �rst use t w o traditional framew orks: separators and

bifurcators.

Separators w ere initially used b y Lipton and T arjan [46, 47] to study planar graphs.

Subsequen tly , they ha v e b een found to b e useful to deriv e area-e�cien t la y outs for arbi-

trary graphs b y Flo yd and Ullman [27], Leiserson [43, 44 ], and V alian t [81]. F urthermore,

Bhatt and Leiserson [11 ] sho w ed that they can b e used to obtain la y outs with short wires.

All these results ha v e b een compiled b y Leigh ton [41] and Ullman [80].

Bifurcators app eared as an alternativ e to separators, since they solv e some of the

restrictions presen ted b y the separator framew ork. The initial pap ers de�ning and using

bifurcators are due to Leigh ton [40] and Bhatt and Leiserson [10 , 11], and these results

ha v e b een compiled and impro v ed b y Bhatt and Leigh ton [9].

In this dissertation w e sho w ho w to deriv e separators and bifurcators for the pro duct

graph from separators and bifurcators of the factor graph. Then, the results of the ab o v e

references allo w to obtain the desired upp er b ounds.

Ho w ev er, b oth separators and bifurcators are restricted b y de�nition to net w orks with

b ounded degree. Sherlek ar and J� aJ� a [70, 72 , 73 ] tried to solv e this problem b y de�ning

stronger kinds of separators and bifurcators. Ho w ev er, they are so restrictiv e that w e

could not use them for our net w orks.

The last approac h w e in v estigate is based on the existence of e�cien t collinear la y outs

(la y outs with all the no des in one line) of the factor graph. Leiserson [44] sho w ed ho w

to obtain collinear la y outs for a net w ork with a giv en separator. Similarly , in [9] an

upp er b ound is presen ted on the area of collinear la y outs of b ounded-degree net w orks.

W e also refer to graph-theory pap ers where lab eling of graphs are studied. The problem

of obtaining e�cien t collinear la y outs is equiv alen t to the problem of �nding a lab eling

of the graph with small bandwidth and small cut width [15 , 16].

Besides these metho ds, w e sho w ho w to obtain e�cien t collinear la y outs for the factor

graph from a regular la y out. Then, w e presen t ho w to obtain a la y out for the pro duct
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matrices, and �nding the minim um -w eigh t spanning tree of a graph. These algorithms

are easily mo di�ed to so v e other problems with similar structure. F or instance, it is trivial

to mo dify the minim um -w ei gh t spanning-tree algorithm for determining the connected

comp onen ts, transitiv e closure, and shortest paths of graphs.

Our sorting algorithm is based on the o dd-ev en merge sorting algorithm due to

Batc her [2]. In this reference, Batc her presen ted t w o e�cien t sorting net w orks. Algo-

rithms deriv ed from these net w orks ha v e b een presen ted for a n um b er of di�eren t parallel

arc hitectures, lik e the sh u�e-exc hange [75], the grid [50, 79 ], the cub e-connected cycles

[59], and the mesh of trees [51].

One of Batc her's sorting net w orks has, as main comp onen ts, subnet w orks that sort

bitonic sequences. Sorting algorithms based on this metho d are generally called \bitonic

sorters." A bitonic sequence is the concatenation of a non-decreasing sequence of k eys

with a non-increasing sequence of k eys, or the rotation of suc h a sequence. Sev eral

pap ers ha v e b een dev oted to generalizing bitonic sorters, generalizing Batc her's net w ork

[3, 48 , 49 ]. Recen tly , Lee and Batc her [38] presen ted a new net w ork to merge and sort k

bitonic sequences.

The main comp onen ts of the other sorting net w ork prop osed b y Batc her are subnet-

w orks that merge t w o sorted sequences in to a single sorted sequence, denoted o dd-ev en

merge net w orks. T o our kno wledge, no result on generalizing the o dd-ev en merge net w ork

to merge more than t w o sorted sequences exists.

In this dissertation w e �rst dev elop a sorting algorithm for homogeneous pro duct net-

w orks based on merging N sorted sequences in to a single sorted sequence (w e denote this

op eration m ultiw a y merge.) When w e apply the sorting algorithm to sp eci�c net w orks

w e obtain optimal time complexit y for some of them, and same complexit y as Batc her's

algorithm in the rest.

W e con tin ue b y dev eloping an algorithm to compute the summation of sev eral v al-

ues initially in the no des of the net w ork. The algorithm is based on the existence of

an algorithm to compute summations in the factor net w ork. If this basic algorithm is

optimal, the deriv ed algorithm is also optimal. The algorithm is easily adapted to similar

problems. F or instance, in the minim um -w eigh t spanning-tree algorithm men tioned later

w e use an algorithm to obtain the minim um of a set of v alues that is structurally similar

to the summation algorithm.

W e dev elop a matrix-m ulti pli cation algorithm based on the algorithm presen ted b y

Preparata and V uillemin [58] for the mesh of trees and its implem en tation b y em ulation

in the h yp ercub e. In this algorithm w e use the broadcasting algorithm from [86] and the

summation algorithm presen ted b efore. W e impleme n t the algorithm in sev eral net w orks

and for all of them it yields optimal time complexit y .

The last algorithm w e presen t computes the minim um -w eigh t spanning tree of a graph.

As w e men tioned, this algorithm can b e simply mo di�ed to solv e similar problems. The

algorithm is deriv ed from algorithms dev elop ed b y Hirsc h b erg, Chandra, and Sarw ate [33]

and Shiloac h and Vishkin [74]. When implem en te d in sev eral net w orks, the algorithm
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of the net w ork to the other in one step. As Thompson [78 ] p oin ted out, the exact v alue

of the bisection width of a graph is, in general, v ery di�cult to obtain.

The crossing n um b er w as originally iden ti�ed as an imp ortan t parameter of an in ter-

connection net w ork b y Leigh ton [41]. He sho w ed that it de�nes a lo w er b ound on the

VLSI la y out area of the net w ork. Lik e the bisection width, it is not easy to obtain the

exact v alue of this parameter, in general. F or instance, there are not kno wn exact v alues

ev en for w ell-kno wn net w orks lik e the h yp ercub e or the cub e-connected cycles [76 ].

In this dissertation w e de�ne a new structural prop ert y of graphs, whic h w e call the

maximal c ongestion , and w e use the v alue of this prop ert y for the factor graphs to deriv e

lo w er b ounds on the v alue of the bisection width and the crossing n um b er. Also upp er

b ounds on the bisection width are deriv ed from the bisection width of the factor graph.

The application of these results to sev eral net w orks sho ws that the obtained b ounds are

tigh t.

1.2.3 Em b edding Prop erties

In the literature, it has b een customary to formalize the notion of em ulation with the

notion of em b edding [7, 61 ]. This comes from the prop ert y sho wn b y Ko c h et al [37]

that an e�cien t em ulation b et w een net w orks can b e obtained from an e�cien t em b ed-

ding. Therefore, to sho w that a net w ork can e�cien tly em ulate another net w ork it is

enough to sho w that the later can b e e�cien tly em b edded in to the former. In fact,

sev eral researc hers compared the computational p o w er of in terconnection net w orks b y

em b edding-based em ulations [1, 5, 6, 7, 29 ].

Simple results in v olving some cost measures of em b eddings b et w een pro duct graphs

ha v e b een presen ted in [42] and [86]. W e strengthen these results and obtain new ones,

whic h allo w to deriv e em b edding prop erties of the pro duct net w orks from those of their

factor graphs.

In general, the problem of �nding e�cien t em b edding is not simple. F or instance,

sev eral pap ers ha v e b een published just on em b edding the complete binary tree in to the

h yp ercub e [8, 13 , 14 , 22 , 23 , 31 , 45 ]. The inheren t di�cult y of em b edding problems aside,

it is v ery in teresting that w e can obtain e�cien t em b eddings for the pro duct graphs based

on em b eddings for the simpler factor graphs. In this con text, an y previous em b edding

result from the literature can b e useful. F or instance, w e use the em b edding prop osed b y

Hec kman et al. [32] to obtain an optimal-dilation em b edding of the pro duct of complete

binary trees on to the grid.

1.2.4 Algorithm s

General algorithms ha v e b een presen ted for broadcasting, p oin t-to-p oin t comm uni cation,

o�-line p erm utation, and fault-toleran t routing in pro duct net w orks [4, 24, 56 , 86 ]. W e

increase this collection with algorithms for sorting, computing summations, m ultiplying
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detail these con tributions in the follo wing sections.

Examples of recen tly prop osed heterogeneous ( i.e. not homogeneous) pro duct net-

w orks are the h yp er-de Bruijn net w ork prop osed b y Ganesan and Pradhan [28 ], the

h yp er-P etersen net w ork prop osed b y Das and Banerjee [20], the ban y an-h yp ercub e net-

w ork prop osed b y Y oussef and Narahari [84 ], and the folded P etersen cub e prop osed b y

•

Ohring and Das [53]. All of them com bine the h yp ercub e with another factor net w ork.

They sho w that the resulting net w ork has some adv an tages o v er the h yp ercub e. Along

these lines, Y oussef [85, 86 ] com bined the h yp ercub e with sev eral other net w orks and

analyzed some of their prop erties.

Also, a few homogeneous pro duct net w orks ha v e b een recen tly prop osed. Rosen b erg

[61] in tro duced the t w o-dimensional pro duct of de Bruijn graphs (whic h he calls the

pro duct-sh u�e net w ork) as a parallel arc hitecture and has analyzed sev eral of its compu-

tational prop erties

1

. He sho w ed that this net w ork con tains rings, grids, complete binary

trees, and meshes of trees as subgraphs. It can also em ulate butter
ies, sh u�e-exc hange,

and de Bruijn graphs with constan t slo wdo wn. P an w ar and P atnaik [57] prop osed the

t w o-dimensional pro duct of sh u�e-exc hange graphs (whic h they call the mo di�ed sh u�e-

exc hange net w ork) as an alternativ e to the pure sh u�e-exc hange graph in solving linear

systems.

•

Ohring and Das [54] prop osed the folded P etersen net w ork, whic h is the m ulti-

dimensional pro duct of the P etersen graph.

Most of the general results obtained in this dissertation are applied to the ab o v e net-

w orks and to other homogeneous pro duct net w orks nev er previously studied. W e sp ecially

concen trate in the study of m ultidim ensi onal pro ducts of complete binary trees, sh u�e-

exc hange graphs, and de Bruijn graphs, and sho w that they are p o w erful in terconnection

net w orks.

1.2.2 Structural Prop erties

Sev eral of the ab o v e men tioned references ha v e explored some structural prop erties of

pro duct net w orks [4, 24, 82 , 86]. These prop erties are trivially obtained from prop erties

of the factor graphs. The prop erties co v ered b y these references are the diameter, the

connectivit y , the v ertex degree, and the partitionabilit y of pro duct net w orks.

Ho w ev er, other structural prop erties are more di�cult to b e deriv ed and ha v e nev er

b een studied b efore. In this dissertation w e concen trate on t w o suc h structural prop erties

of pro duct net w orks: the bisection width and the crossing n um b er.

The imp ortance of the bisection width of a net w orks w as p oin ted out b y Thompson

[77, 78 ], who sho w ed that it implies an upp er b ound on the sp eed of certain computations

in the net w ork and a lo w er b ound on the la y out area of the net w ork. In general, the

bisection width giv es an idea of ho w m uc h information can b e transferred from one side

1

Rosen b erg do es not restrict the factor de Bruijn graphs to ha v e same n um b er of no des. Hence, these

net w orks are not strictly homogeneous.
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1.2 Related W ork

In this section w e presen t w ork conducted b y other researc hers whic h, in one form or

another, is relev an t to our researc h. W e also brie
y presen t our con tribution in eac h

sp eci�c area.

Since w e attempt to p erform a comprehensiv e study of the di�eren t asp ects of homo-

geneous pro duct net w orks, references in man y di�eren t areas ha v e b een collected here.

W e organize them in �v e main sections, follo wing a structure similar to the do cumen t

itself, in order to simplify the cross reference. The �rst subsection presen ts references

ab out the cartesian pro duct op eration and ab out pro duct net w orks as parallel arc hi-

tectures. In the rest of the subsections w e refer to publications that in
uenced us in

obtaining prop erties of homogeneous pro duct net w orks in sp eci�c asp ects of the study:

structural prop erties, em b edding prop erties, algorithms, and VLSI complexit y .

1.2.1 Pro duct Net w orks

The cartesian pro duct op eration is a v ery w ell-kno wn op eration in graph theory . The

cartesian pro duct com bines t w o \factor" graphs in to a \pro duct" graph. Harary [30]

has cited the w orks of Shapiro [69] and Sabidusi [63, 64 ] as early studies of the graph-

theoretic prop erties of the cartesian pro duct and pro duct graphs. F or instance, Sabidusi

[64] sho w ed that an y graph has a decomp osition in to a unique set of \prime" factor

graphs. Sev eral other authors also studied the pro duct op eration from a graph-theory

viewp oin t [17, 52, 82 ].

Referring to in terconnection net w orks, man y widely-used net w orks are instances of

pro duct graphs, obtained b y the m ultiple applications of the cartesian pro duct op eration.

Examples of these are the grid, the torus, the h yp ercub e, and the generalized h yp ercub e

[12]. This fact has b een already used, for instance, to obtain and pro v e sev eral prop erties

of the h yp ercub e [42 , 62 , 87 ].

The pro duct op eration has b een seen as a unifying framew ork to the study of sp eci�c

prop erties of in terconnection net w orks b y sev eral authors. Y oussef [86] compiled results

on the structural, routing, and em b edding prop erties of pro duct net w orks. Baumslag and

Annexstein [4] dev elop ed generalized o�-line p erm utation routing algorithms for pro duct

net w orks and used them to create a general strategy for �nding e�cien t p erm utation

routes in arbitrary net w orks. El-Ghaza wi and Y oussef [24 ] studied the connectivit y of

pro duct net w orks with resp ect to the connectivit y of the factor net w ork, obtained a lo w er

b ound on the connectivit y of a pro duct net w ork, and dev elop ed fault-toleran t p oin t-to-

p oin t routing algorithms.

•

Ohring and Hohndel [56] presen ted fault-toleran t routing algo-

rithms for broadcasting, gossiping, scattering, and total exc hange, b y �nding spanning

trees of the pro duct graph. F or a set of sp eci�c pro duct net w orks,

•

Ohring and Das [55]

presen ted dynamic em b eddings for dynamically-ev olvi ng trees and grids.

In this dissertation w e compile some of these results and dev elop man y others. W e
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researc h in de�ning new in terconnection net w orks exists for cost reasons. The ideal

in terconnection pattern is the complete connection of eac h pro cessor with eac h other.

Ho w ev er, the cost of this in terconnection sc heme is only a�ordable when the n um b er of

pro cessors is small. In general, researc h in designing new in terconnection net w orks seeks

to reac h a compromise b et w een cost and p o w er.

W e mainly ev aluate the implem en tation cost of a net w ork from its v ertex degree and

its VLSI la y out complexit y . The t w o VLSI la y out parameters considered are the area

and the length of the longest wire, since they determine the cost of the la y out and the

maxim um sp eed of the system, resp ectiv ely .

1.1 Applications

The prop osed approac h is sp ecially suited to the study and implem en tation of sp ecial-

purp ose parallel arc hitectures. The framew ork presen ted allo ws to ev aluate and meaning-

fully compare di�eren t candidate arc hitectures to solv e a concrete problem, and c ho ose

the one that b est �ts the requiremen ts and restrictions.

The most p opular application of these sp ecial purp ose arc hitectures are em b edded

systems. These are subsystems of a larger system whic h are in c harge of p erforming

sp ecial tasks within the whole system. Examples are the Viterb y deco der, based on the

de Bruijn graph, dev elop ed b y the Caltec h's Jet Propulsion Lab oratory to b e used in

the Galileo mission to Jupiter [18], or the net w ork for template matc hing that is b eing

dev elop ed in the Univ ersit y of South Florida [60 ].

On the other hand, em ulation is one of the k ey op erations in parallel arc hitectures. In

this con text, a parallel system ma y consist of a v ery large n um b er of v ery simple pro cessors

and sp eci�c in terconnection sc hemes ma y b e implem en ted b y em ulation. Therefore, the

ph ysical in terconnection net w ork m ust ha v e p o w erful and 
exible em ulation capabilities.

Most of the pro duct net w orks that w e presen t in this dissertation ha v e this prop ert y and

they could b e in teresting candidates for the task.

Ho w ev er, the results obtained in this researc h are not restricted to sp ecial-purp ose

SIMD arc hitectures. Most of the prop erties deriv ed are only dep enden t on the graph-

theoretical mo del of the in terconnection net w ork, and not on the computational mo del

of the system ( e.g. SIMD, MIMD, etc.) Therefore, the obtained results on structural

prop erties, em b edding capabilities, and VLSI complexit y are v alid ev en if w e are trying to

design a general purp ose arc hitecture. F urthermore, although the presen ted algorithms

assume a SIMD mo del of computation, they can still run on a general purp ose parallel

mac hine if it is appropriately programmed. Therefore, the results presen ted here are

also practically applicable to existing general purp ose parallel systems, suc h as the In tel

P aragon and the Maspar whose in terconnection net w orks are based on the grid, and the

NCub e and the iPSC/860 whose in terconnection net w orks are based on h yp ercub e, since

these net w orks are instances of pro duct net w orks.
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Figure 1.1: Construction of the 2-dimensional pro duct of complete binary trees.

most of the cases. Among the instances ev aluated there are sev eral homogeneous pro duct

net w orks nev er previously prop osed as in terconnection net w orks. The ev aluation of the

prop erties of these net w orks presen ts them as v ery p o w erful and in teresting candidates

for future use as in terconnection net w orks.

Surprisingly , to our kno wledge, this is the �rst comprehensiv e study of the pro duct

notation as a unifying framew ork for the ev aluation of in terconnection net w orks. No

previous reference has presen ted a collection of general results ab out pro duct net w orks

lik e the ones w e sho w here. The results obtained allo w to fully ev aluate a new pro duct

net w ork and compare its capabilities with other net w orks.

In this dissertation w e study in terconnection net w orks as \problem solv ers." W e study

their p o w ers as sp ecial-purp ose arc hitectures, impleme n ted to solv e sp eci�c computa-

tional problems. The whole net w ork co op erates to e�cien tly p erform this task under the

SIMD mo del. This fo cus reliev es us from studying prop erties that are only meaningful

in the MIMD mo del of computation, lik e throughput, bandwidth, hot sp ots, etc.

With this in mind, the t w o main asp ects to b e ev aluated in an in terconnection net w ork

are its p o w er and its implem en tation cost. The p o w er of a net w ork itself comes from its

sev eral prop erties. First, top ological c haracteristics, lik e the diameter, bisection width,

or connectivit y , sa y m uc h ab out the p oten tial of the net w ork as a parallel arc hitecture.

Second, giv en our view of net w orks, the p o w er of a net w ork is mainly sho wn b y dev el-

oping fast-running algorithms for the net w ork. Although, in general, it is not p ossible to

use the running time of the algorithms to establish that a net w ork is more p o w erful than

another, since the structure of one or the other migh t b e sp ecially suited for particular

problems, in some cases it giv es a clear idea of the p oten tial of the net w ork.

Third, the p o w er of a net w ork can b e also sho wn from its em ulation capabilities.

E�cien t em ulations transfer all the p o w er of a net w ork in to another, giving a w a y to

p erform all the algorithms dev elop ed for the former in the later. A net w ork H is consid-

ered to b e at least as p o w erful as another net w ork G if H can em ulate an y computation

of G with constan t slo wdo wn. It is usual to formalize the notion of em ulation with the

notion of em b edding, and assume H to b e at least as p o w erful as G if there is an e�cien t

em b edding of G in to H .

Besides the p o w er, the cost is another imp ortan t factor in a net w ork. In fact, all
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The inter c onne ction network is one of the most imp ortan t elemen ts in a distributed-

memory parallel arc hitecture. This is b ecause the in terconnection sc heme strongly de-

termines the capabilities of a parallel arc hitecture. F or this reason, designing e�cien t

in terconnection net w orks has b een at the forefron t of parallel computing researc h.

In this dissertation w e prop ose the c artesian pr o duct op er ation (or pr o duct , for short)

as a unifying framew ork to study in terconnection top ologies. Sev eral p opular in tercon-

nection net w orks fall in the class of pro duct net w orks ( e.g. h yp ercub e, grid, torus) and

man y others can b e generated. The prop osed framew ork will allo w us to ev aluate their

prop erties and mak e meaningful comparisons b et w een them.

Simply , w e obtain the r -dimensional pro duct of the N -no de graph G from the r -

dimensional N � ::: � N grid b y replacing the linear connections of the grid b y the

in terconnection pattern of G . F or example, Figure 1.1 sho ws the construction of the 2-

dimensional pro duct of 7-no de complete binary trees. In general, di�eren t factor graphs

can b e used in di�eren t dimensions and, hence, sev eral di�eren t top ologies can b e gen-

erated. Ho w ev er, in this researc h w e will concen trate on pro duct net w orks with the

same in terconnection sc heme for eac h dimension, whic h w e denote homo gene ous pr o duct

networks , for whic h w e can state stronger results.

The main results of this dissertation are expressed as rules that deriv e some prop ert y

of a homogeneous pro duct net w ork from prop erties of its factor net w ork. The framew ork

allo ws a clean and simple notation to express and pro v e statemen ts of the form \if G

has the prop ert y A , then the r -dimensional pro duct of G has the corresp onding prop ert y

f ( A )." The statemen ts themselv es are indep enden t of the sp eci�c graph G and, therefore,

fully general. Sp eci�cally , the rules deriv ed allo w us to obtain structural prop erties, em-

b edding capabilities, and the VLSI la y out complexit y of homogeneous pro duct net w orks.

W e also dev elop general algorithms for sev eral imp ortan t problems, whic h are e�cien t

for an y homogeneous pro duct net w ork.

The application of these results to sp eci�c instances of pro duct net w orks yields either

exact v alues of the studied parameters or b ounds on them, that are sho wn to b e tigh t in

1
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